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Vice-Chancellor’s Message
The Distance Learning Centre is building on a solid tradition of over two decades of
service in the provision of External Studies Programme and now Distance Learning
Education in Nigeria and beyond. The Distance Learning mode to which we are
committed is providing access to many deserving Nigerians in having access to higher
education especially those who by the nature of their engagement do not have the
luxury of full time education. Recently, it is contributing in no small measure to
providing places for teeming Nigerian youths who for one reason or the other could
not get admission into the conventional universities.
These course materials have been written by writers specially trained in ODL course
delivery. The writers have made great efforts to provide up to date information,
knowledge and skills in the different disciplines and ensure that the materials are userfriendly.
In addition to provision of course materials in print and e-format, a lot of Information
Technology input has also gone into the deployment of course materials. Most of them
can be downloaded from the DLC website and are available in audio format which
you can also download into your mobile phones, IPod, MP3 among other devices to
allow you listen to the audio study sessions. Some of the study session materials have
been scripted and are being broadcast on the university’s Diamond Radio FM 101.1,
while others have been delivered and captured in audio-visual format in a classroom
environment for use by our students. Detailed information on availability and access is
available on the website. We will continue in our efforts to provide and review course
materials for our courses.
However, for you to take advantage of these formats, you will need to improve on
your I.T. skills and develop requisite distance learning Culture. It is well known that,
for efficient and effective provision of Distance learning education, availability of
appropriate and relevant course materials is a sine qua non. So also, is the availability
of multiple plat form for the convenience of our students. It is in fulfilment of this,
that series of course materials are being written to enable our students study at their
own pace and convenience.
It is our hope that you will put these course materials to the best use.

Prof. Abel Idowu Olayinka
Vice-Chancellor
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Foreword
As part of its vision of providing education for “Liberty and Development” for
Nigerians and the International Community, the University of Ibadan, Distance
Learning Centre has recently embarked on a vigorous repositioning agenda which
aimed at embracing a holistic and all encompassing approach to the delivery of its
Open Distance Learning (ODL) programmes. Thus we are committed to global best
practices in distance learning provision. Apart from providing an efficient
administrative and academic support for our students, we are committed to providing
educational resource materials for the use of our students. We are convinced that,
without an up-to-date, learner-friendly and distance learning compliant course
materials, there cannot be any basis to lay claim to being a provider of distance
learning education. Indeed, availability of appropriate course materials in multiple
formats is the hub of any distance learning provision worldwide.
In view of the above, we are vigorously pursuing as a matter of priority, the provision
of credible, learner-friendly and interactive course materials for all our courses. We
commissioned the authoring of, and review of course materials to teams of experts and
their outputs were subjected to rigorous peer review to ensure standard. The approach
not only emphasizes cognitive knowledge, but also skills and humane values which
are at the core of education, even in an ICT age.
The development of the materials which is on-going also had input from experienced
editors and illustrators who have ensured that they are accurate, current and learnerfriendly. They are specially written with distance learners in mind. This is very
important because, distance learning involves non-residential students who can often
feel isolated from the community of learners.
It is important to note that, for a distance learner to excel there is the need to source
and read relevant materials apart from this course material. Therefore, adequate
supplementary reading materials as well as other information sources are suggested in
the course materials.
Apart from the responsibility for you to read this course material with others, you are
also advised to seek assistance from your course facilitators especially academic
advisors during your study even before the interactive session which is by design for
revision. Your academic advisors will assist you using convenient technology
including Google Hang Out, You Tube, Talk Fusion, etc. but you have to take
advantage of these. It is also going to be of immense advantage if you complete
assignments as at when due so as to have necessary feedbacks as a guide.
The implication of the above is that, a distance learner has a responsibility to develop
requisite distance learning culture which includes diligent and disciplined self-study,
seeking available administrative and academic support and acquisition of basic
information technology skills. This is why you are encouraged to develop your
computer skills by availing yourself the opportunity of training that the Centre’s
provide and put these into use.
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In conclusion, it is envisaged that the course materials would also be useful for the
regular students of tertiary institutions in Nigeria who are faced with a dearth of high
quality textbooks. We are therefore, delighted to present these titles to both our
distance learning students and the university’s regular students. We are confident that
the materials will be an invaluable resource to all.
We would like to thank all our authors, reviewers and production staff for the high
quality of work.
Best wishes.

Professor Bayo Okunade
Director
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Course Introduction
This course (STA 341) is aimed at creating a statistically minded generation who
would in one form or another have a hand in developing and directing the further
production process of their society.
The desire to maintain quality of manufactured goods is not a recent phenomenon.
The pre-historic man whose weapons and tools did not function did not survive, says
Steven Nahmias (1997). Quality has a significant economic value to the consumer,
and product design plays an important role in the product’s quality. A recent
development is applying statistical tools to solve the problems of product and process
design. This is called statistical quality control, and this is the main theme of the
following lecture notes.
Statistical quality control has been a useful instrument to bring about changes in the
quality of manufactured goods. Most of the methods discussed in this booklet are in
widespread use throughout industries in the United States, Japan, and other advanced
societies. The methods are also employed in some well established industries in
Nigeria. This implementation is working wonders in all these places. Therefore, if it
works overseas and in some places in this nation, it must work elsewhere in Nigeria.
For this to work, every lecture in this booklet must be effectively and carefully studied
with total commitment and determination to succeed in its applicability.
Objectives
At the end of this lecture, you should be able to:
1. explain the concepts of statistical quality control and its application to the
manufacturing industries;
2. discuss the importance of process control and production capability analysis;
3. understand and discuss the use of acceptance sampling in determining whether
a lot should be accepted or not;
4. explain different sampling plans and when to use them; and
5. know the principles of total quality maintenance (TQM) and how
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Study Session 1: Statistics and Quality Control

Expected duration: 1 week or 2 contact hours

Introduction
Statistics is a tool of all sciences; it is crucial to research, smart judgement and
decision-making. It is an act of making decisions in an undefined situation. Statistical
tools are of immense help in quality control, optimism, inventory level, and in dealing
with labour problems, etc.
This study focuses on the importance of statistics and how it could be applied in
checking the quality of produced goods and services. It gives definitions of basic
statistical concepts and states salient reasons why statistical analyses of production
process are essential for quality maintenance and design conformity.
Learning Outcomes for Study Session 1
At the end of this lecture, you should be able to:
1.1 Define Statistics
1.2 Identify the usefulness of statistical tools in production process
1.3 Explain the usefulness of statistics in industrial world
1.4 Define quality
1.5 Outline the characteristics of quality
1.6 Discuss the concept of process control
1.7 Explain total quality management
1.1 Definition of Statistics
Statistics has been defined as the use and development of theory and methods for
application in design, analysis and interpretation of information in any substantive
field of human endeavours (Bamiduro, 2005)

Figure 1.1: Statistics
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It is an act of making decisions in an uncertain situation. This is the reason is why
statistics concerns itself with obtaining an insight into the real world by means of the
analysis of numerical relationships. Only recently has it been realised that society
need not be run on the basis of trial and error.
The development of statistics has shown that many aspects of progress depend on the
correct analysis of numerical information and relationships particularly in economics,
business, and industry.
In-Text Question
Statistics is an act of making decisions in an uncertain situation. True or False
In-Text Answer
True
1.2 Usefulness of Statistical tools in production process.
Statistics is a tool of all sciences; it is indispensable to research, intelligent judgement
and decision-making. In the field of production, statistics plays a very important role
in guiding the manufacturers on what to produce, how to produce, the quantity and
quality of item to produce, when to produce and for whom to produce.
Statistical tools are of immense help in quality control, optimism, inventory level, and
in dealing with labour problems, etc. Production manager looks at quality control data
to decide on when to make adjustments and what adjustments to make in a
manufacturing process.
Statistical techniques or methods are analytical tools used in evaluating men,
materials, machines and processes to ascertain that the specification limits are
maintained. These analytical tools are useful tools in the hands of the management in
that they furnish all level of supervision with relevant information for appropriate
action.

Figure 1.2: Statistical tools

Some of these tools are measures of central tendencies and dispersion, probability
theories and distributions, χ2- distribution, charts such as histogram, bar charts, Pareto
and control charts. Other useful statistician tools are the sampling schemes, process
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control, production capability etc. These tools are applied where applicable in
subsequent studies.
In-Text Question
The following are statistician tools except
A.
B.
C.
D.

Sampling schemes
Process control
Production capability
Decimal fraction

In-Text Answer
D. Decimal Fraction
1.3 Importance of Statistics in the Industrial World
The tremendous contributions of statistics to the business and industrial world are
unquantifiable. Quality improvement efforts have their foundation in statistics.
Statistical process control involves the collection, tabulation, analysis, interpretation
and presentation of numerical data. Although the science of statistics is recent, its
greatest developments have taken place during the 20th century.
The earlier applications were made in astronomy, physics, the biological and social
sciences. It was not until the 1920s that statistical theory began to be applied
effectively to quality control because of the development of sampling theory.
Statistical tools are being used to control both the quality and the quantity of produced
goods; evaluate new product before it is marketed; improves design tolerance and
inspections; detect shift or change in process of conformity and finally, it leads to
improvement in productivity.
Moreover, the main objective in any production process is to control and maintain a
satisfactory quality level for its products. In other words, it should be ensured that the
product conforms to specified quality standards. This is achievable when statistical
methods are used to determine the extent to which quality goals are being met.
In-Text Question
Statistical process control involves the following except
A.
B.
C.
D.

Collection of data
Tabulation of data
Analysis of data
Procurement of data
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In-Text Answer
D. Procurement of Data
1.4Meaning of Quality
Quality is a relative term and it is generally referred to in statistical quality control as
some characteristics of industrial products – either raw materials, or intermediate
products, or finished goods. When any product meets the desired specifications, or it
conforms to the specified standards, you can say it is of good quality.
The quality of a product depends on the perception of a person in a given situation.
The situation may be user-oriented, cost oriented or supplier-oriented. Since the
producer manufactures the product for use, the requirement (specifications) of the
customer decides the quality of the product. Quality is to be planned, achieved,
controlled and achieved continuously.
The word quality has quite a good number of meanings. Some of them are:
1. Quality is a measure of the conformity of the product to the customer’s needs.
2. Quality is conformity to the requirement need of and expectation of customers.
3. The term quality connotes standard of excellence. It implies conformity to a
given level of excellence, which represents particular standards or
specifications.
4. Quality is the fitness for use /purpose of a given product at most economic
levels.
5. Other descriptions of quality are a grade, degree of performance, and measure
of fulfilment of promises.
Quality is of two types: They are

Quality of
conformity
to design

The quality
of design

Figure 1.3: Types of quality

The quality of design is a measure of how well the product is designed to achieve its
stated course and the quality of conformance to design is the extent to which the
products achieve the quality of design. Conformance to customer needs means that the
design of the product is part of the evaluation.
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In-Text Question
The quality of a product depends on the perception of a person in a given situation.
True or False
In-Text Answer
True
1. 5 Quality Characteristics
These describe the physical or chemical properties of a product, such as dimension,
temperature or pressure or taste or smell or any other requirement used to define the
nature of the product or service (which contributes to the quality aspects of the
product).
They may be classified as:
1)
2)
3)
4)
5)
6)
7)

Technical- length
Frequency
Diameter
Viscosity etc.
Psychological- sensory qualities such as taste, odour and beauty.
Contractual such as guarantee, safety, and
Ethical such as honesty, integrity, etc.

1.5 1 Quality Policy
Quality policy refers to the basic principles, which are used to guide the actions of the
company, in order to meet the quality objectives.
In modern times, we have professional societies, governmental regulatory bodies,
such as National Agency for Foods, Drugs Administration Control (NAFDAC),
Manufacturers Association of Nigeria (MAN), Standard Organisation of Nigeria
(SON), National Drug and Law Enforcement Agency (NDLEA), factory inspectors,
etc, aimed at assuring the quality of products sold to the consumers.

Figure 1.4: NAFDAC
Apart from manufacturing industries, we also apply quality control to education
sector. This is a new development in Nigeria, where all the universities in the nation
5

have been mandated to have Quality Assurance Unit; this unit will see to the quality
of services and products of our institutions in the country.
There are other regulatory bodies, such as Council of Registered Engineers (COREN),
Council of Legal Education (CLE), and Pharmacy Council of Nigeria, Architects
Registration Council of Nigeria, Nigeria Bar Association (NBA), Institute of
Chartered Accountant of Nigeria (ICAN) and National Universities Commission
(NUC). Each institution is expected to have its own self validation tests and quality
policies as part of ensuring quality.

Figure 1.5: ICAN

Control
In large scale industrial production, it is found that variations in quality are
unavoidable. Large variations can of course be prevented by imposing proper checks
and controls on the production process. One advantage of ensuring the absence of
factors responsible for large scale variations in the process is that the quality follows a
regular statistical law.
A production process is said to be in a state of control if it is under the influence of
factors responsible for small variations only.In quality control, there are statistical
process control and product control; all these will be dealt with in study three.
In-Text Question
The following are the classifications of the characteristics of quality
A.
B.
C.
D.

Frequency
Bend rate
Diameter
Viscosity

In-Text Answer
B. Bend rate
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1.6 The Concept of Process Control
Process control is the active changing of the process based on the results of process
monitoring. Once the process monitoring tools have detected an out-of-control
situation, the person responsible for the process makes a change to bring the process
back into control.
Process control is a way whereby we monitor the quality while the product or service
is being produced.
The following are the typical objectives of process control:
To provide timely information on whether currently produced goods are
meeting the designed specifications
To detect shifts in the process, which show the sign, that the future products
may not meet specifications.
The control phase of the process control actually occurs when corrective measure or
action is taken, that is, when:

•
•
•
•

a worn out part is replaced;
a machine is adjusted or overhauled;
a change in operators is made; and
A new supplier is found.

A production process is said to be in a state of statistical quality control if it is
operating in the presence of chance causes only and is free from assignable causes of
variation.
In-Text Question
Process control is the active changing of the process based on the results of process
monitoring.
In-Text Answer
True
Advantages of Process Control
The following are the advantages of process control:
It ensures that the quality of a manufacturing process is satisfactory
It enhances the merchantability of uniformly good products
It leads to economy in production, that is, production process is economical.
It provides us with a sound basis for making specifications.
7

There are many ways to implement process control. Key monitoring and investigating
tools include:
a)
b)
c)
d)
e)
f)
g)

Histogram
Scatter diagrams
Defect concentration diagrams
Cause and effect diagrams
Pareto charts
Check sheets
Control charts

Figure 1.6:Histogram

1.7 Total Quality Management (TQM)
This is a management strategy aimed at embedding awareness of quality in all
organisational processes. This has been widely used in manufacturing, education,
government, and service industries as well as science programmes. It provides an
umbrella under which everyone in the organisation can strive and create customer
satisfaction at continually lower real costs.

Figure 1.7:TQM
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TQM requires that the company maintain this quality standard in all aspects of its
business. This requires ensuring that things are done right the first time and that
defects and waste are eliminated from operations. Total Quality Management is the
management of total quality.
“Total quality control is an effective system for integrating the quality development,
quality maintenance, and quality improvement efforts of the various groups in an
organisation so as to enable marketing, engineering, production, and service at the
most economical levels, which allow for full customer satisfaction.” – coined by
Feigen Baum (1983).
“TQM is a management approach for an organisation, centred on quality, based on the
participation of all its members and aiming at long-term success through customer
satisfaction, and benefits to all members of the organization to society.” International
Organisation for Standardization (ISO)’s definition.
However, statistical quality control constitutes a set of techniques, based on the
theories of probability and statistical sampling for monitoring process variation and
for determining if manufactured lots meet desired quality levels. However, delivering
quality to the customer is a far broader problem than is addressed by statistical issues
alone but the need to consider quality from the management perspective.
Most definitions of quality concern either conformance to specifications or customer
satisfaction. Garvin (1988) expounds on these ideas and suggests that quality be
considered along eight basic dimensions: performance, features, reliability,
conformance, durability, serviceability, aesthetics and perceived quality. For more
explanation on total quality management, see Production and Operations Analysis by
Steven Nahmias (3rd edition), pp 696 – 710.
In-Text Question
Total quality Management can be used in government. True or False

In-Text Answer
True
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Summary for Study Session1
In study session 1, you have learnt:
1. The usefulness of statistical tools in checking the quality of our manufactured
products to see to their conformance to the standard.
2. The essence of statistical quality control which is the issue of quality
3. The need to develop quality consciousness in the organisation, so as to achieve
a better quality level and a better uniformity of quality.
4. The need for quality characteristics and policies for proper control of
manufactured products as these will enable production process to be in a state
of control and reduction in variation when the quality follows a regular
statistical law.
Self-Assessment Questions (SAQs) for Study Session 1
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 1.1
Define Statistics
SAQ 1.2
Define the term ‘quality’
SAQ 1.3
Explain the concept of process control
SAQ 1.4
Identify the two types of quality
Notes on SAQ
SAQ 1.1
Statistics has been defined as the use and development of theory and methods for
application in design, analysis and interpretation of information in any substantive
field of human endeavours.
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SAQ 1.2
Quality is a relative term and it is generally referred to in statistical quality control as
some characteristics of industrial products – either raw materials, or intermediate
products, or finished goods. When any product meets the desired specifications, or it
conforms to the specified standards, you can say it is of good quality.
SAQ 1.3
Process control is the active changing of the process based on the results of process
monitoring.Once the process monitoring tools have detected an out-of-control
situation, the person responsible for the process makes a change to bring the process
back into control.
SAQ 1.4
•

The quality of design

•

Quality of conformity to design
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Study Session 2:Concepts of Statistical Quality Control

Expected duration: 1 week or 2 contact hours
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Introduction
Study session one was an eye opener to the meaning of statistics and quality control.
This study session is designed to open up to you the concept of statistical quality
control. Statistical quality controls started in 1920 by a man call Walter A. Shewhart.
Statistical quality control can be defined as the application of statistical techniques
into problems associated with quality of products that are produced in large quantities.
One of the aims of statistical quality control is to reduce the cost of production by
proper control of outgoing products by reducing the defects. In this study session you
will also learn about the objectives of statistical quality control, historical background,
and the techniques involved.
Learning Outcomes for Study Session 2
At the end of this study, you should be able to:
2.1 Discuss the history of statistical quality control
2.2 Explain the meaning of statistical quality control
2.3 Identify the aims and objectives of statistical quality control
2.4 Outline the techniques of statistical quality control.
2.1 History of Statistical Quality Control
Walter A. Shewhart of the Bell Telephone Laboratories pioneered statistical quality
control in the early 1920s. He issued a memorandum on May16, 1924 that featured a
sketch of a modern control chart. Shewhart kept improving and working on this
scheme, and in 1931, he published a book on statistical quality control, Economic
Control of Quality of Manufactured Product, published by Van Nostrand in New
York.
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Figure 2.1: Walter A. Shewhart

This book set the tone for subsequent applications of statistical methods to process
control. W. Edwards Deming later applied statistical process control methods in the
United States during World War II, thereby successfully improving quality in the
manufacture of munitions and other strategically important products. Deming has
become a demigod in Japan, where his teachings ignited the Japanese quality
revolution.
Shewhart created the basis for the control chart and the concept of a state of statistical
control by carefully designed experiments. While Dr. Shewhart drew on pure
mathematical statistical theories, he understood that data from physical processes
seldom produce ‘a normal distribution curve’ (a Gaussian distribution, also commonly
referred to as a ‘bell curve’).
He discovered that observed variation in manufacturing data did not always behave
the same way as data in nature (for example, Brownian motion of particles). Dr.
Shewhart concluded that while every process displays variation, some processes
display controlled variation that is natural to the process (common causes of
variation), while others display uncontrolled variation that is not present in the process
causal system at all times (special causes of variation).
Two other Bell Labs statisticians, H.F. Dodge and H.G Romig spearheaded efforts in
applying statistical theory to sampling inspection. The works of these three pioneers
constitute much of what nowadays comprises the theory of statistical quality and
control. More of historical background of statistical quality control can be found in
Quality Control and Industrial Statistics, by Acheson J. Duncan.
In-Text Question
Who pioneered statistical quality control?
A.
B.
C.
D.

H.F. Dodge
H.G Romig
Richard Whitbread
Walter A. Shewhart
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In-Text Answer
D. Richard Whitbread
2.2Meaning of Statistical Quality Control
Statistical quality control is the application of statistical techniques into problems
associated with quality of products that are produced in large quantities. The purpose
of statistical quality control is to ensure, in cost efficient manner, that the products
produced or shipped to customers meet their specifications.
Inspection methods of some kind are necessary because the quality of products at
various stages of production run may suffer a certain amount of variability. This
inspection is necessary in order to ensure that products meet minimum quality
requirements before delivery to the customer. Inspecting every product is costly and
inefficient, but the consequences of producing or supplying non-conforming product
can be significant in terms of customer dissatisfaction.
Hence statistical quality control is defined as a process of inspecting enough product
from given lots to probabilistically ensure a specified quality level. Its basis is the
degree of variability in the size or the magnitude of a given characteristic of the
product.
Quality Control has been with us for a long time. How long? It is safe to say that when
manufacturing began and competition accompanied manufacturing, consumers would
compare and choose the most attractive product. Improvement of quality did not
necessarily stop with the product- but also included the process used for making the
product.
It is on record that statistical quality control dates back to the 1920s. Its roots lie in the
work of Walter Shewhart, a scientist employed by Bell Telephone Laboratories.
Edwards W.Deming, the man credited with bringing the quality control message to the
Japanese, was a student of Shewhart.
Deming has stressed in his teachings, that understanding the concept of statistical
variation of processes is a key step in designing an effective quality programme. One
needs to understand process variation in order to know how to produce products that
conform to specifications.
In large scale industrial production, it is found that variations in quality are
unavoidable. Large variations can of course be prevented by imposing proper checks
and controls on the production process. One advantage of ensuring the absence of
factors responsible for large variations in the process is that the quality follows a
regular statistical law.
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Statistical quality control is a method of estimating the quality of the whole entity
from the quality of the samples taken from the whole. The method is based upon the
laws of chance and has a sound mathematical basis. It is described as the process
through which we measure the actual quality performance and compare it with the
standards and take corrective action.
Systematic control of various factors such as material, tools, labour used during and
production and that affect the quality of the product. It is effective system for
integrating the quality development, quality maintenance and quality improvement
efforts of the various groups in an organisation, to enable production and services at
the most commercial levels, which allow full customer satisfactions.
Statistical quality control is generally defined as a series of analytical measurements
used to assess the quality of the analytical data.
In-Text Question
Improvement of quality did not necessarily stop with the product. True or False
In-Text Answer
True
2.3 Aims and Objectives of Quality Control
The aims and objectives of quality control are:
1. To make the company’s products more acceptable by the customers and
thereby increase the sales of the company;
2. To reduce the cost of production by proper control of outgoing products by
reducing the defects;
3. To achieve interchange ability;
4. To develop quality consciousness in the organisation;
5. To achieve a better quality level and a better uniformity of quality;
6. To locate and identify the process faults in order to control the scrap and waste.
7. For overall coordination of specifications and standards;
8. To achieve better utilisation of raw materials, more efficient utilization of
equipment, etc.; and
9. For settings or readjustments in the process in the case of heavy rejection of
product.
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In-Text Question
Quality control helps to achieve better utilization of raw materials. True or False.
In-Text Answer
True
2.4Techniques of Statistical Quality Control
The two main aspects/techniques of quality control are:

Process control (control charts)
Product control (acceptance
sampling plan).
Figure 2.2:Techniques of statistical quality control

The following chart shows the various techniques used for statistical quality control
(SQC): Techniques of SQC
Process Control (by control

Product Control (by sampling

Chart device)

inspection plan)

Variables

Attributes

X-Chart

R-Chart

Attributes Variables

C-Chart np-Chart p-Chart
Summary for Study Session 2
study session 2, you have learnt that:
1) Walter A. Shewhart of the Bell Telephone Laboratories pioneered statistical
quality control in the early 1920s.
2) Statistical quality control is the application of statistical techniques into
problems associated with quality of products that are produced in large
quantities.
3) The aims and objectives of quality control is to make the company’s products
more acceptable by the customers and thereby increase the sales of the
company.
4) In The two main aspects/techniques of quality control are:
5) Process control (control charts)
6) Product control (acceptance sampling plan).

16

Self-Assessment Questions (SAQs) for Study Session 2
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 2.1
Discuss briefly the history of statistical quality control
SAQ 2.2
Define Statistical quality control
SAQ 2.3
Mention three aims and objectives of quality control
SAQ 2.4
Identify the two main techniques of statistical quality control
Notes
SAQ 2.1
Walter A. Shewhart of the Bell Telephone Laboratories pioneered statistical quality
control in the early 1920s. He issued a memorandum on May16, 1924 that featured a
sketch of a modern control chart. Shewhart kept improving and working on this
scheme, and in 1931, he published a book on statistical quality control, Economic
Control of Quality of Manufactured Product, published by Van Nostrand in New
York.
SAQ 2.2
Statistical quality control is the application of statistical techniques into problems
associated with quality of products that are produced in large quantities
SAQ 2.3
1. To make the company’s products more acceptable by the customers and
thereby increase the sales of the company;
2. To reduce the cost of production by proper control of outgoing products by
reducing the defects;
3. To achieve interchange ability;
17

SAQ 2.4
•

Process control (control charts)

•

Product control (acceptance sampling plan).
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Study Session 3: Statistical Process Control

Expected duration: 1 week or 2 contact hours

Introduction
Statistical process control (SPC) is an effective method of monitoring a process. It
involves using statistical techniques to measure and analyse the variation in processes.
It is most often used for manufacturing processes.
The intent of statistical process control is to monitor product quality and maintain
processes to fixed targets. Statistical process control is a method that utilizes process
data and very basic statistical analyses to determine process stability.
Statistical process control is comprised of a group of charts and diagrams that can
determine, with respect to time, process efficiency, number and frequency of deviant
products, and boundaries of chosen process variables. Some of the main analytical
tools are flow charts and control charts.
In view of the above, you should endeavour to carefully study the contents of this
study, this will help you in understanding the subsequent studies under statistical
process control.
Learning outcomes for study session 3
At the end of this study, you should be able to:
3.1
3.2
3.3
3.4
3.5

Explain the general principles of statistical process control.
Explain product control
Discuss statistical process control requirements
Identify the steps to statistical process control
Discuss the benefits of statistical process control

3.1 General Principles of Statistical Process Control
Statistical process control (SPC) is the general term used to describe those aspects of a
control system in which statistics are applied to determine whether observed
performance is within the expected variation of the process, in contrast to other
components of a total control system, such as preventive maintenance, instrument
function checks, operator training, etc., that are included in CLIA’s definition of
quality control.
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Figure 3.1: Statistical process control

It is an effective method of monitoring a process so that it would not contain a large
number of defective items. This is done using control charts technique pioneered by
W.A. Shewhart in 1924.
By collecting data from samples at various points within the process , variations in the
process that may affect the quality of the end product or service can be detected and
corrected, thus reducing waste and as well as the likelihood that problems will be
passed on to the customer.
With its emphasis on early detection and prevention of problems, statistical process
control has a distinct advantage over quality methods, such as inspection, that apply
re s to detecting and correcting problems in the end-product or service. In addition
to this, it can lead to a reduction in the time required to produce the product or service
from end to end.
This is partially due to a diminished likelihood that the final product will have to be
re-worked. Using SPC data may help to identify bottlenecks, wait times, and other
s of delays within the process. Process cycle time reductions, coupled with
improvements in yield, have made SPC a valuable tool from both a cost reduction and
a customer satisfaction standpoint.
The intent of statistical process control is to monitor product quality and maintain
processes to fixed targets. In addition, quality of products is controlled. Before we
discuss this, let us briefly state the benefits of statistical process control.
In-Text Question
With its emphasis on early detection and prevention of problems, statistical process
control has a distinct advantage over quality methods. True or False
In-Text Answer
True
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3.2 Product Control
Product control means controlling the quality of the product by critical examination at
strategic points, and this is achieved through Sampling Inspection Plans’ pioneered by
Dodge and Romig. Product control aims at guarantying a certain quality level to the
consumer, regardless of what quality level is being maintained by the producer.

Figure 3.1: Harold Dodge

In other words, it attempts to ensure that the product marketed for sale does not
contain a large number of defective (unsatisfactory) items.
3.2.1 Random and Assignable Causes of Quality Variations
There is no doubt that no production process is good enough to produce all items
exactly alike. Even though the items are produced from the same batch of raw
materials and machines and made under carefully controlled conditions, there must be
some differences. These differences are called variations in quality control.
Thus, any production process, however good, is characterised by a certain amount of
variability. These variations are unavoidable and the theory behind control chart is
that this variation can be divided into two categories. They are:

Natural/common cause of variation
Variation due to assignable causes
Figure 3.2: Categories of quality variations

1. Natural or common causes of variation is known as random or chance
variation Random variations are variations in the quality, which result from
many complex causes, the result of each cause been slight; by and large,
nothing can be done about the
of variation except to modify the process.
These causes are natural to any production process. It is sometimes called
‘allowable variation’ as it cannot be eliminated. It is beyond the control of
man, since it cannot be detected or prevented. Random variations may be
variations in temperature, specifications of raw materials or electrical current,
etc.
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These variations are small, and are generally near to the average value. Its
pattern of variation will be similar to those found in nature, and the distribution
forms the bell-shaped normal distribution curve.
2. Assignable cause (variation) system is one in which the causes of variation
are not distributed normally but sporadically. It is also known as non-random
causes and the variation due to these causes is termed “chaotic or erratic or
preventive variation. The assignable causes may creep in at any stage of the
process- right from the arrival of the raw materials to the final delivery of
goods.
Some of important factors of assignable causes of variationwith some degrees
of control are as follows:
1. Substandard or defective raw materials;
2. New techniques of operations;
3. Faulty equipment;
4. Negligence of the operators;
5. Wrong or improper handling of the machines;
6. Differences among the workers with respect to their abilities;
7. Level of commitment of both skilled and unskilled labour in relation to the
welfare scheme put in place by the management; and
8. Differences in the wear and tear of machines.
These causes can be identified and eliminated and have to be traced in any
production process.
In-Text Question
Random variation is sometimes known as allowable variation. True or False
In-Text Answer
True
3.3 Statistical Process Control Requirements
Statistical process control requires the use of statistics. Quality improvement efforts
have their foundation in statistics. Statistical process control involves the collection,
tabulation, analysis, interpretation and presentation of numerical data.
The statistics type may be deductive, which describes a complete set of data or
inductive statistics that deal with a limited amount of data. Data types are:
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Figure 3.3:Data Types

Variable data are quality characteristics that are measurable (measurable and
continuous which may take on any value).
Attribute data are quality characteristics that are observed to be either present or
absent, conforming or non- conforming (countable and normally discrete; integer).
In-Text Question
Statistical process control may not require the use of statistics
In-Text Answer
False
3.4The Steps to Statistical Process Control
The statistical process control approach is designed to identify underlying causes of
problems, which leads to process variations that are outside predetermined tolerances,
and to implement controls to fix the problem. The following are the basic approaches
to statistical process control:

Awareness that a problem exists
Determine the specific problem to be
solved
Diagnose the causes of the problem
Determine and implement remedies
Implement controls to hold the gains
achieved by solving the problem
Figure 3.4: Steps to statistical process control
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The bases of statistical process control are:
1. “Don’t inspect the product, inspect the process.
2. “You can’t inspect it in, you’ve got to build it in.
3. “If you can’t measure it, you can’t manage it.
In-Text Question
The following are the basic approaches to statistical process control except
A. Awareness that a problem exists
B. Determine the specific problem to be solved
C. Diagnose the causes of the problem
D. Diagnosis and rejuvenation
In-Text Answer
D. Diagnosis and rejuvenation
3.5

Benefits of Statistical Process Control

The following are the benefits of statistical process control:
1. It provides surveillance and feedback for keeping processes in control.
2. It gives signals when a problem within the process has occurred.
3. It detects assignable causes of variation.
4. It accomplishes process characterisation.
5. It reduces need for inspection.
6. It monitors process quality.
7. It provides mechanism to make process changes and tracks effects of those
changes.
8. Once a process is stable (assignable causes of variation have been eliminated),
it provides process capability analysis with comparison to the product
tolerance.
In-Text Question
The following are the benefits of statistical process control except_______
A. It provides surveillance and feedback for keeping processes in control.
B. It detects the unseen realities of progress
C. It gives signals when a problem within the process has occurred.
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D. It detects assignable causes of variation.
In-Text Answer
B. It detects the unseen realities of progress
3.6 Barriers to process Control
The following are the barriers to process control:
1. Tendency to focus on volume of output rather than quality of output.
2. Tendency to measure products against a set of internal conformance;
specifications that may or may not relate to customer expectations.
Walter Shewhart (Bell Laboratory 1920) – suggested that every process exhibits some
degree of variation and therefore is expected to:
1. Identify two types of variation, chance cause and assignable cause.
2. Proposed first control chart to separate these two types of variation.
Summary for study Session 3
In study session 3, you have learnt that:
1. Statistical process control (SPC) is the general term used to describe those
aspects of a control system in which statistics are applied to determine whether
observed performance is within the expected variation of the process, in
contrast to other components of a total control system.
2. Product control means controlling the quality of the product by critical
examination at strategic points
3. Statistical process control requires the use of statistics.
4. The statistical process control approach is designed to identify underlying
causes of problems, which leads to process variations that are outside
predetermined tolerances, and to implement controls to fix the problem.
5. Statistical process control reduces the need for inspection
6. One of the barriers to process Control is its tendency to focus on volume of
output rather than quality of output.
Self-Assessment Questions (SAQs) for Study Session 3
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
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SAQ 3.1
Define statistical process control
SAQ 3.2
Define product control
SAQ 3.3
Identify the two data types involved in statistical process control requirements
SAQ 3.4
Mention the steps to statistical process control
SAQ 3.5
Outline the benefits of statistical process control
SAQ 3.6
Identify the barriers to statistical process control
Notes on SAQ
SAQ 3.1
Statistical process control (SPC) is the general term used to describe those aspects of a
control system in which statistics are applied to determine whether observed
performance is within the expected variation of the process, in contrast to other
components of a total control system, such as preventive maintenance, instrument
function checks, operator training, etc., that are included in CLIA’s definition of
quality control
SAQ 3.2
Product control means controlling the quality of the product by critical examination at
strategic points, and this is achieved through Sampling Inspection Plans’
SAQ 3.3
Variable data and Attribute data
SAQ 3.4
•

Awareness that a problem exists

•

Determine the specific problem to be solved

•

Diagnose the causes of the problem

•

Determine and implement remedies

•

Implement controls to hold the gains achieved by solving the problem
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SAQ 3.5
1. It provides surveillance and feedback for keeping processes in control.
2. It gives signals when a problem within the process has occurred.
3. It detects assignable causes of variation.
4. It accomplishes process characterisation.
5. It reduces need for inspection.
6. It monitors process quality.
7. It provides mechanism to make process changes and tracks effects of
those changes.
8. Once a process is stable (assignable causes of variation have been
eliminated), it provides process capability analysis with comparison to
the product tolerance.
SAQ 3.6
1. Tendency to focus on volume of output rather than quality of output.
2. Tendency to measure products against a set of internal conformance;
specifications that may or may not relate to customer expectations.
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Study Session 4: Process Capability Analysis

Expected duration: 1 week or 2 contact hours

Introduction
Quality control describes numerous methods for monitoring the quality of a
production process. However, once a process is under control, the question arises, “to
what extent does the long term performance of the process comply with managerial
goals? How capable is our process for supplier in terms of producing items within the
specification limits?
Ford Motor Company (Kane, 1986) only recently introduced most of the procedures
and indices described here to the United States of America. The author was allowed to
summarise the process capability in terms of meaningful percentages and indices.
In this study, you will learn about process capability, production capability and
capability indices.
Learning outcomes for Study Session 4
At the end of this study, you should be able to:
4.1 Explain process capability analysis
4.1 Process Capability Analysis
Process capability analysis entails comparing the performance of a process against its
specifications. It is an important technique used to determine how well a process
meets a set of specification limits.
Process capability compares the output of an in-control process to the specification
limits by using capability indices. The comparison is made by forming the ratio of the
spread between the process specifications (the specification width) to the spread of the
process values, as measured by 6 process standard deviation units (the process
“width).
Before you learn about the computation and interpretation of process capability
indices for the normal distribution case, take a look at some useful definitions that will
aid your understanding of this study.
Definitions
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1. Process capability refers to the ability of the process to meet the specifications
set by the customer or designer.
2. Production capacity is the amount of product that can be produced from
processing facilities. It is also the maximum production possible.
3. A capable process is one where almost all the measurements fall inside the
specification limits. This can be represented pictorially by using normal curve
with pointed top.

4.

Figure4.1: Capable process chart

5. Specification limits LSL, USL. Usually, engineering requirements dictate a
range of acceptable values. This can be determined from the measurement of a
given product diameter. Then the difference between upper specification limit
(USL) and lower specification limit (LSL) is called the specification range.
Specification limits are used to determine if the product will function in the
intended fashion.
6. Control limits are used to determine if the process is in a state of statistical
control (that is, is producing consistent output).
7. Process Capability Assumptions: For valid process capability calculations, all
data must be from an in-control process, with respect to both the mean and the
standard deviation. Make sure to check this data in a variables control chart to
make sure that all points in the X, S or R charts are in control. If they are not,
your capability indices in the statistics dialog box are not valid.
In-Text Question
Process capability refers to the ability of the process to meet the specifications
set by the customer or designer.
In-Text Answers
True
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4.2 Process Capability Indices
Process capability indices are ratios that quantify the ability of a process to produce
within specifications.
We are often required to compare the output of a stable process with the process
specifications and make a statement about how well the process meets specification.
To do this, we compare the natural variability of a stable process with the process
specification limits.
Several statistics can be used to measure the capability of a process. We must
understand that specification limits are not statistically determined, but rather are set
by customer requirements and process economics.You can tell a lot about your
process by using histograms and control charts together. It is also a widely accepted
practice to express process capability using the following indices:
•

Cp is the simple process capability index. It is the process width divided by 6
times sigma, its estimated within-subgroup standard deviation, where the
process width = upper specification limit minus lower specification limit.
If Cp < 1, the process is wider than the specification limits, and is not capable
of producing all in-specification products. Cp could be greater than one, but
bad parts could still be being produced if the process is not centered. Thus,
there is a need for a capability index, which takes process centering into
account: Cpk.

•

Cpk is the difference between x double bar and the nearer specification limit
divided by 3 times sigma. If Cpk≥1, then 99.7% of the products of the process
will be within specification limits. If Cpk<1, then more non-conforming
products are being made.

Adapted from Path maker site
Figure 4.2:

In the PathMaker software, the following process capability indices are calculated if
specification limits are applied to histograms.
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In-Text Question
Process capability indices are ratios that quantify the ability of a process to produce
within specifications. True or False
In-Text Answer
True
4.3Potential capability (Cp)
This is the simplest and most straightforward indicator of process capability. It is
defined as the ratio of the specification range to the process range; using + 3 sigma
limits, we can express this index as:
Cp= (USL – LSL)
6σ
It is written in words as:
The distance between the upper specification limit and the lower specification limit,
divided by (6 times the standard deviation). If Cp< 1, the process is wider than the
specification limits, and is not capable of producing all —in-specification products. Cp
could be greater than one, but bad parts could still be being produced if the process is
not centred. Thus, there is a need for a capability index, which takes process centering
into account: Cpk..

Figure 4.3

This ratio expresses the proportion of the range of the normal curve that falls within
the engineering specification limits (if the mean is on target, that is, that the process is
centred).
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Capability ratio (Cr). This index is equivalent to Cp; specifically, it is computed as
1/Cp,(the inverse ofCp).
4.4 The Six sigma spread versus specification limits
Case I: 6σ< USL - LSL
•

Most desirable; individual values fall within specification limits

Case II: 6σ = USL - LSL
•

Okay, as long as the process remains in control

Case III: 6σ> USL - LSL
•

Undesirable; process incapable of meeting specifications

Lower/upper potential capability: Cpl, CpuA major shortcoming of the Cp (and Cr ) index
is that it may yield erroneous information if the process is not on target, that is, if it is
not centred. We can express non-centering via the following quantities. First, upper
and lower potential capability indices can be computed to reflect the deviation of the
observed process mean from the LSL and USL. Assuming + 3 sigma limits as the
process range, we compute:
Cpl = µ - LSL
3σ
and
Cpu = USL - µ
3σ
Where µ and σ are the process mean and standard deviation, respectively.
The above indices can also be written as:
Cpl = allowable lower spread
actual lower spread
written as the difference between the process mean and the lower specification limit,
divided by 3σ, or 3 times the standard deviation.
Cpu= allowable upper spread
actual upper spread
It is expressed as the difference between the process mean and the upper specification
limit, divided by 3σ, or 3 times the standard deviation.
Obviously, if these values are not identical to each other, then the process is not
centred.
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Non-centering correction(K). We can correct Cpfor the effect of non-centering.
Specifically, we can compute:
K=

׀λ - µ ׀
½(USL – LSL),

0≤K≤1

Where λ = ½(USL + LSL) and the absolute sign takes care of the case when
LSL ≤ µ ≤ λ. The distance between the process mean, µ, and the optimum, which is λ,
is µ-λ, where λ ≤ µ ≤ LSL
This correction factor expresses the non-centering (target specification minus mean)
relative to the specification range.
Other definitions of process capability indices are:
Cpk = min [USL - µ, µ - LSL]
3σ

3σ

Note that we also can write Cpk = min {Cpl, Cpu}.
Cpk is the difference between the process mean and the nearer specification limit
divided by 3 times sigma. (Cpk is the lesser of Cu and Cl.). If Cpk≥1, then at least 99.7%
of all products of the process will be within specification limits. If Cpk<1, then some
non-conforming products are being made, and you may need to study your process to
see how it can be improved.

Figure4.4

Potential Capability H: Cpm. A recent modification to Cp isdirected at adjusting the
estimate and is written as:
Cpm = USL – LSL
6√σ2+ (µ - T)2
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Its adjusted index is
Cpm = Sigma2= {Σ(xi –T)2/(n-1)}
Where
xiis the value of the ith observation in the sample
T is the target or nominal specification and
n is the number of observations in the sample
Sigma2is the alternative estimate of sigma.
Sample estimates of capability indices
Sample estimators for these indices are given below.
Cp = USL - LSL
6s
Cpk = min [USL - µ, µ - LSL]
3s

3s

Cpm = USL – LSL
6√s2+ (X - T)2
The estimator for Cpk = Cp(1-k), where k is the sealed distance between the
midpoint of the specification range, λ, and the process mean, µ. And since 0 ≤ k ≤ 1, it
follows that Cpk <Cp.
Confidence Limits for Capability indices
Assuming normally distributed process data, the distribution of the sample Cpfollows
from a chi-square distribution and Cpu and Cpl have distributions related to the noncentral t distribution. Fortunately, approximate confidence limits related to the normal
distribution have been derived. Various approximations to the distribution of Cpk have
been proposed, including those given by Bissell (1990), and we will use a normal
approximation.

The resulting formulas for confidence limits are given below:
100(1-α)% Confidence Limits for Cp
Pr{Cp(L1) ≤ Cp ≤ Cp(L2)} = 1- α
Where
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L1 = √ χ2(ν,α/2)L2 = √ χ2(ν,1- α/2)
ν
ν
ν = degree of freedom
Confidence Intervals for Cpu and Cpl
Approximate 100(1-α)% confidence limits for Cpuwith sample size n are:
Cpu(lower) = Cpu – z1-β√1 + C2pu
9n 2(n – 1)
Cpu(upper) = Cpu + z1-α√1 + C2pu
9n 2(n – 1)
With z denoting the percent point function of the standard normal distribution. If β is
not known, set it to α.
Limits for Cpl are obtained by replacing Cpu and Cpl.
Confidence Intervals for Cpk
The variance is obtained as follows:
Let
c = √n[µ - (USL + LSL)/2]σ
d = (USL + LSL)]/σ
-c

(-c) =1 exp-5x2dz
-inf

√2Π

Then
Var(Cpk)= (d2/36)(n-1)(n-3) – (d/9√n)(n-1)(n-3){√2∏exp(-c2/2) + c[1-2ф(-c)]}
+ [(1/9)(n-1)/(n(n-3))](1 + c2) – [(n-1)/(72n)]{Г((n-2)/2) }2
{Г ((n-1)/2)}
*{d√n - 2√2∏exp (-c2/2) – 2c [1 - 2ф (-c)]}2
Their approximation is given by:
Var(Cpk)= n – 1– 0.5{Г((n-2)/2) }2
n-3

{Г ((n-1)/2)}

where
n ≥ 25, 0.75 ≤ Cpk ≤ 4, │c│ ≤ 100, d ≤ 24
35

The following approximation is commonly used in practice
Cpk = pk + z1-α/2 √1n + 2pk
9 2(n-1)
It is important to note that the sample size should be at least 25 before these
approximations are valid. In general, however, we need n ≥ 100 for capability studies.
Another point to observe is that variations are not negligible due to the randomness of
capability indices.
Example: The following values were obtained in a certain process, the USL = 22 and
the LSL = 10. The observed process average, Ȳ = 16, S = 2. Obtain the following
indices:
1. Potential capability [Cp]
2. λ
3. the estimate of k i.e. non-centering correction
4. Demonstrated excellence Cpk
5. Upper potential capability [Cpu]
6. Lower potential capability [Cpl]
and comment on your results.
Solution
a.

p=

6s

USL – LSL =22 -14= 8/8 = 1
6(1.3333)

It means that the process is capable as long as it is located at the midpoint
b. λ = USL + LSL = 22 + 14 = 18
2

2

c. But it doesn’t, since ȳ = 16, the estimate of k therefore is
k=
d. Ḉpk

│λ - ȳ│
=18 – 16 = 2= 0.5
(USL - SL)/2
4
4
= Ḉp(1 – k) = 1 (1 – 0.5) = 0.5

The ideal value of Ḉpk should at least be 1.0, so this is not a good process. If
possible, reduce the variability or/and centre the process.
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We can compute the Ḉpu and Ḉpl.

Ḉpu=USL –x̅ = 22 – 16= 6/4 = 1.5
3s
3(1.333)
Ḉpl = x̅ - LSL = 16 – 14 = 2 = 0.5
3s

3(1.3333)

4

4.5 What do we do if the process is not approximately normal?
The indices that we considered thus far are based on normality of the process
distribution. This poses a problem when the process distribution is not normal.
Without going into the specifics, we can list some remedies:
1. Transform the data so that they become approximately normal. A popular
transformation is the Box-Cox transformation.
2. Use or develop another set of indices, that apply to non-normal distributions.
One statistic is called Cnpk (for non-parametric Cpk). Its estimator is calculated
by

Ĉnpk = min (USL – median,

median – LSL )

(P (0.995) – median –p (0.005)
Where p (0.995) is the 99.5th percentile of the data and p (0.005) is the 0.5th percentile
of the data.
Shown below are the formulae for the non-normal process capability indices:
Cp = (USL-LSL)/(Up - Lp)
CpL= (M-LSL)/(M-Lp)
CpU =(USL-M)/(Up-M)
Cpk = Min (CpU, CpL)
In the equations above, M represents, the 50th percentile value for the respective fitted
distribution, and Up and Lp are the 99.865 and 0.135 percentile values, respectively, if
the computations are based on a process width of +3 times sigma. Note that the values
for Up and Lp may be different, if the process width is defined by different sigma
limits (e.g., +2 times sigma).

Summary for Study Session 4
In study session 4, you have learnt that:
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1. A capability analysis is based on a sample of data taken from process and usually
produces:
An estimate of the defects per million opportunities;
Capability indices that measure various forms of process features; and
An estimate of the sigma quality level at which the process operates.

2. There are important assumptions that must be verified before one may reliably use
capability indices. All these are crucial for a valid statistics. Among the options
available to perform a valid capability analysis are:

Transforming the data, so that it may adequately be assumed to follow a
normal distribution,
Assuming an alternative distribution, such as the Weibull or Box-Cox.
Self-Assessment Questions (SAQs) for Study Session 4
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 4.1 -4.5
1.
2.
3.

Explain Process capability analysis
Explain pprocess capability indices
A manufacturer of collars supplies certain organisation. The range of
specifications are to be determined from the following given data. (Hint:
the lower class limit for the first class in this distribution is the lower
specification limit while the upper class limit id the upper specification
limit). You are required to compute the mean and standard deviation of
the distribution, hence, or otherwise calculate Cp, Cpk, λ, Cpu, Cpl and
Cpm for the data and determine whether the process is good or not.

Length (mm)

Number of people that has the
length

118 – 122

1

123 – 127

2

128 – 132

2
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133 – 137

4

138 – 142

6

143 – 147

8

148 – 152

5

153 – 157

4

158 – 162

2

163 – 167

3

168 – 172

1

173 – 177

2
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Study Session 5: Statistical Basis of Control Charts

Expected duration: 1 week or 2 contact hours

Introduction
This study is concerned with the presentation of production process data in a graphical
form. The purpose of this is to bring about the important features of a given set of
data. Of all the tools for analysing data, the control chart is the most useful. No other
tool captures the voice of production process better.
Control charts are used to determine whether a process is operating in statistical
control. The purpose of a control chart is to detect any unwanted changes in the
process. Abnormal points on the graph will signal these changes.
Furthermore, control charts serve as historical records of the learning process and they
can be used by others to improve other processes. Control charts are running records
of the performance of the process and, as such, they contain a vast store of
information on potential improvements.
Several main types of control charts are used based on the nature of the process and on
the intended use of the data. The control chart is one of the seven basic tools of quality
control (along with the histogram, Pareto charts, check sheet, cause-and-effect
diagram, flowchart, and scatter diagram.
Learning outcomes for Study Session 5
At the end of this study, you should be able to:
5.1 Explain the meaning of control chart
5.2 Identify the components of control chart
5.3 Outline the different types of chart
5.4 Discuss the principles of operation of control chart
5.5 Explain the construction of control chart
5.6 Identify the uses of control charts
5.7 Explain how to determine which control chart to use
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5.1 Meaning of Control Chart
Here are some definitions of control chart:
1. A control chart is a statistical device principally used for the study and control
of repetitive processes.
2. A typical control chart is a graphical display of a quality characteristic that has
been measured or computed from a sample versus the sample number or time.
3. A control chart is a statistical tool used to detect excessive process variability
due to specific assignable causes that can be corrected. It determines whether a
process is in a state of statistical control, that is, the extent of variation of the
output of the process does exceed that which is expected based on the natural
statistical variability of the process.
4. A control chart is a graph used to study how a process changes over time. It is a
device for describing in a precise manner what is meant by statistical control.
5. A control chart is a graphical means for determining if the underlying
distribution of some measurable variables seems to have undergone a shift. It
provides a simple graphical means of monitoring a process in real time.
Descriptions of a Control Chart
A control chart is a two-dimensional plot of the evolution of the process overtime. The
horizontal dimension represents time, with samples displayed in chronological order,
such that the earliest sample taken appears on the left and each newly acquired sample
is plotted to the right.
The vertical dimension represents the value of the sample statistic, which might be the
sample mean, range, or standard deviation in the case of measurement by variables, or
in the case of measurement by attributes, the number of non-conformities, or the
average number of non-conformities per unit.
Typically, a control chart includes three parallel horizontal lines: a centre line and two
control limits. The centre line (CL) intersects the vertical dimension at a value that
represents the level of the process under stable conditions (natural variability only).
The process level might be based on a given standard or, if no standard is available, on
the current level of the process calculated as the average of an initial set of samples.
The two lines above and below the centre- line are called the upper control limit
(UCL) and lower control limit (LCL) respectively, and they both denote the normal
range of variation for the sample statistic.
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Figure 5.1: Example of control chart

The control limits intersect the vertical axis such that if only the natural variability of
the process is present, then the probability of a sample point falling outside the control
limits and causing a false alarm is very small. Typically, control limits are located at
three standard deviations from the centre line on both sides. This results in a
probability of a false alarm being equal to 0.0027.
Data are plotted in time order. The lines of a control chart (an upper line for the upper
control limit and a lower line for the lower control limit) are determined from
historical data. By comparing current data to these lines, you can draw conclusions
about whether the process variation is consistent (in control) or is unpredictable (out
of control, affected by special causes of variation).
Although easy to construct and easy to use, control charts are based on rigorous
statistical principles. The value of the quality characteristic being analysed is plotted
in a sequence as a function of time on a chart. It is the main tool of process control.
Control charts are used to routinely monitor quality.
They have gained wide acceptance in industry, and are preferred to more conventional
statistical methods. A control chart maps the output of a production process overtime
and signals when a change in the probability distribution generating observations
seems to have occurred.
To construct a control chart one uses information about the probability distribution of
process variation, and fundamental results from probability theory. A result that forms
the basis for a class of control charts is known as the central limit theorem.
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This control chart was originated by Dr. W.Shewhart who suggested that the chart
may serve to define a goal or standard for a process that the management might strive
to attain, used as an instrument for attaining the goal and may also serve as a mean of
judging whether or not a goal has been reached.
It is thus an instrument to be used in specification, production and inspection and,
when so used it brings these three phases of an industry into an interdependent goal.
Finally, the chart gives visual indication enabling corrective action to be taken as soon
as the productive process begins to go wrong.
Control charts are powerful statistical tool that may have many different applications.
For example, they may be used to monitor key product variables and process
parameters. They may also be used in the maintenance of process control and in the
identification of special and common causes of variation. In addition, they may also
be used for process improvement by showing the effects of process of change.
In-Text Question
Typically, a control chart includes three parallel horizontal lines. True or False.
In-Text Answer
True
5.2

Components of a Control Chart

A control chart is a two-dimensional plot of the evolution of the process overtime. The
horizontal dimension represents time, with samples displayed in chronological order,
such that the earliest sample taken appears on the left and each newly acquired sample
is plotted to the right.
The vertical dimension represents the value of the sample statistic, which might be the
sample mean, range, or standard deviation in the case of measurement by variables, or
in the case of measurement by attributes, the number of non-conforming units, the
fraction non-conforming, the number of non-conformities, or the average number of
non-conformities per unit.
A typical control chart consists of the following three parallel horizontal lines on
the graph:
1. a control line to indicate the desired standard or the control level of the process
abbreviated as CL;
2. an upper control limit indicating the upper limit of tolerance abbreviated as UCL;
3. a lower control limit indicating the lower limit of tolerance abbreviated as LCL.
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The control line as well as the upper and lower limits are established by computations
based on the past records or current production records. However, the reliability of
statistical formulae used has been proved beyond doubt in practice.
A control chart generally includes the following four parts:
1. Quality scale. This is a vertical scale. It is marked according to the quality
characteristics (either in variables or in attributes).
2. Plotted samples. The qualities of individual items of a sample are not shown on
a control chart. Only the quality of the entire sample represented by a single
value (a statistic) is plotted. The single value plotted on the chart is in the form
of a dot (sometimes a small circle or a cross).
3. Sample (or sub-group) Numbers. The samples plotted on a control chart are
numbered individually and consecutively on a horizontal line. The line is
usually placed at the bottom of the chart. The samples are also referred to as
sub-groups in statistical quality control. Generally, twenty-five sub-groups are
used in constructing a control chart.
4. The Horizontal Lines. The central line represents the average quality of the
sample plotted on the chart. The line above the central line shows the upper
control limit (UCL), which is commonly obtained by adding 3 sigmas to the
average, that is, Mean + 3(S.D.).
The line below the central line is the lower control limit(LCL), which is
obtained by subtracting 3 sigmas from the average, that is, Mean – 3(S.D.). The
upper and lower control limits are usually drawn as dotted lines, and the central
line is plotted as a bold (dark) line.

Figure 2: Control Chart: Out-of-Control Signals

Dr. Shewhart proposed the 3σ limits for his control charts. From probabilistic
consideration: If a variable X is normally distributed, the probability that a random
observation of the variable will be between µ + 3σ (where µ is the mean and σ the
standard deviation), is 0.997, which is extremely high.
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Therefore, the probability of a random observation falling outside these limits is
0.003, which is very low. Hence, if 3σ limits are used and the variable quality
characteristic is assumed to be normally distributed the chance of a sample point
falling outside these limits when the process is in control is very small.
5.3 Types of charts
Different types of control charts can be used, depending upon the type of data. The
two broadest groupings are for variable data and attribute data.
Process
Observation

Chart

Process
Process
Observations Observations
Relationships Type

Size of Shift to Detect

Quality
characteristic
X̅ -bar chart measurement
Independent Variables
within
one
subgroup

Large (≥ 1.5σ)

Quality
characteristic
S
measurement
Independent Variables
within
one
subgroup

Large (≥ 1.5σ)

X̅ -bar
chart

Shewart
Individual
chart (Im R
chart
or
XmR
chart)

Quality
characteristic
Independent Variables
measurement for
one observation

Large (≥ 1.5σ)

Quality
characteristic
Three way
measurement
Independent Variables
chart
within
one
subgroup

Large (≥ 1.5σ)

Fraction
Independent Attributes
nonconforming
within
one

Large (≥ 1.5σ)

p-chart
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subgroup

np-chart

Number
nonconforming
Independent Attributes
within
one
subgroup

Large (≥ 1.5σ)

c-chart

Number of nonconformances
Independent Attributes
within
one
subgroup

Large (≥ 1.5σ)

u-chart

Nonconformances per
Independent Attributes
unit within one
subgroup

Large (≥ 1.5σ)

EWMA
chart

Exponentially
moving average
of
quality
Attributes
characteristic
Independent
variables
measurement
within
one
subgroup

CUSUM
chart

Cumulative sum
of
quality
characteristic
Attributes
Independent
measurement
variables
within
one
subgroup

Quality
characteristic
Time series
Auto
measurement
model
correlated
within
one
subgroup

Attributes
variables

or

Small (< 1.5σ)

or

Small (< 1.5σ)

or

N/A

5.4 The Principles of Operation of Control Charts
The principle of operation of control charts consist of five general steps:
1. Samples are drawn from the process output at regular intervals.
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2. A statistic is calculated from the observed values of the units in the sample; a
statistic is a mathematical function computed based on the values of the
observations in the sample.
3. The value of the statistic is charted overtime; any points falling outside the
control limits or any other non-random pattern of points indicate that there has
been a change in the process, either its setting or its variability.
4. If such change is detected, the process is stopped and an investigation is
conducted to determine the causes for the change.
5. Once the causes of the change have been ascertained and any required
corrective action has been taken, the process is resumed.
In-Text Question
In the Principles of Operation of Control Charts, samples are drawn from the process
output at regular intervals. True or False
In-Text Answer
True
5.5 Construction of Control Charts
The following are the construction procedures of a control chart:
1. Choose the appropriate control chart for your data.
2. Determine the appropriate time for collecting and plotting data.
3. Collect data, analyse the data and construct your chart. Compute the
characteristic being measured, that is, variable or attribute. This means that you
may wish to construct x-chart, compute the average mean and standard error of
the collected data. If it is p-chart, you compute fraction defective of the collected
component.
Plot the collected data on a graph sheet and insert the control limits, which are
upper, lower and control limits.
4. Look for “out-of-control signalsˮ on the control chart. When one is identified,
mark it on the chart and investigate the cause. This process has to be
documented.
5. Calculate the action limits e.g. x + A2R.
Once control limits have been established, no point should be allowed to fall outside
without investigating the reason. When points no longer fall outside, the process is
said to be under control.
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Interpretation of a Control Chart
The following are to be carefully watched when a control chart is plotted:
1. if a plotted point falls outside the control limits;
2. if several points lie close to the control limits; and
3. if there is unusual non-random arrangement of points.
Strategies for Dealing with Out-of-Control Findings
If a data point falls outside the control limits, we assume that the process is probably
out of control and that an investigation is warranted to find and eliminate the cause or
causes.
Does this mean that when all points fall within the limits, the process is in control?
Not necessarily. If the plot looks non-random, that is, if the points exhibit some form
of systematic behaviour, there is still something wrong.
For example, if the first 25 of 30 points fall above the centre line and the last 5 fall
below the centre line, we would wish to know why this is so. Statistical methods to
detect sequences or non-random pattern can be applied to the interpretation of control
charts. To be sure, “in control implies that all points are between the controls limits
and they form a random pattern.
5.6 The use of Control Charts
Control charts can be used for the following:
1. It can be used when controlling on going processes by finding and correcting
problems as they occur.
2. It can be used when predicting the expected range of outcome from a process.
3. It can be used when determining whether a process is stable (in statistical
control).
4. It can be used when analysing patterns of process variation from special causes
(non-routine events) or common causes (built into the process).

5. It can be used when determining whether your quality improvement project
should aim to prevent specific problems or to make fundamental changes to the
process.
6. Control charts are decision-making tools – they provide an economic basis for
deciding whether to alter a process or leave it alone
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7. Control charts are problem-solving tools – they provide a basis on which to
formulate improvement actions. Statistical process control exposes problems; it
does not solve them.
8. Control charts are powerful aids to understanding the performance of process
overtime.
Input

→

Process

output →

9 Control charts identify variation

• Chance causes – “common causes
This variation is inherent to the process or random and is not controllable.
If only common cause is present, the process is considered stable or “in
control.

• Assignable causes - “special cause
This variation is due to outside influences.
If present in a production run, the process is said to be “out of control.
10.

Control charts help us learn more about processes by separating common and
special causes of variation, Determining whether a process is in a state of
statistical control or out- of- control, Estimating the process parameters (mean
variation) and assess the performance of a process or its capability.

11

Control charts monitor processes.
To monitor output, we use control chart to check things like the
mean, range, standard deviation
To monitor a process, we typically use two control charts
mean (or some other central tendency measure)
Variation (typically using range or standard deviation).
13 Control chart used to determine machine capabilities.
14 Control chart is used to track the trend or the performance of process overtime.
15 They are proven techniques for improving productivity. This is because a
successive control chart reduces scrap and re-work as a result of which the
productivity increases, cost decreases and production capacity increases.
16. They are effective in defect prevention. This is consistent with ‘do it right the
first time’ philosophy.
17 They prevent unnecessary process adjustments. This is consistent with ‘if it is not
broken, don’t fix it’ philosophy.
18 They provide diagnostic information. The pattern of point in the control chart
provides information of diagnostic value to an experience operator or engineer.
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19 Control chart provides information about process capability.
20 They provide information about the value of important process parameters and
their stability overtime.
Other Uses of Control Charts
The technique of control charts is one of the most important tools of production
management and a useful tool in controlling quality in the manufactured products.
When Walter A. Shewhart while working for Bell Telephone Laboratories in 1924
invented it, it was regarded as a landmark in the history of industrial quality control.
Based on the theory of probability and sampling, it enables us to detect the presence of
assignable causes of erratic variations in the process.
These causes are then identified and eliminated, and the process is stabilised and
controlled to achieve desired performances. The Shewhart’s control charts provide us
a very simple but powerful graphic method of finding if a process is in statistical
control or not. The control chart technique is applicable to processes that produce a
stream of discrete output units.
Control charts are designed to detect excessive variability due to specific assignable
causes that can be corrected. Assignable causes result in relatively large variations,
and they can be identified and economically removed through the use of control
charts.
In-Text Question
Control chart can be used to determine machine capabilities. True or False
In-Text Answer
True
5.7

How to determine which control chart to use

Step one: Is a control chart the appropriate tool to use?
Step two: Determine type of data (Attribute or measurement)?
Step three: If Measurement use:
X̅ – R chart (if subgroups of five or more)
X̅ chart (if subgroups of five or less)
If Attributes (Good/Bad, Discrete Data), use one of the following charts:
If attributes are DEFECTS: Ask, Is a constant sample size used?
If YES: np-chart

If NO: p-chart
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If attributes are DEFECTIVES: Ask, Is constant sample size used?
If YES: c-chart

If NO: u-chart

DEFECT: A failure to meet one part of an acceptance criterion
DEFECTIVE: A unit that fails to meet acceptance criteria due to one or more defects
Statistical Basis
To construct a control chart, one needs to use information about the probability
distribution of process variation, and fundamental results from probability theory. A
result that forms the basis for a class of control charts is known as the central limit
theorem.
Roughly, the central limit theorem says that the distribution of sums of independent
and identically distributed random variables approaches the normal distribution as the
number of terms in the sum increases. Generally, the distribution of the sum
converges very quickly to a normal distribution.
Theorem: (Central limit theorem)
If x1, x2, ……, xn constitute a random
sample from an infinite population having the mean µ, the variance σ2, and the
moment generating function Mx(t), then the limiting distribution of
Z = x̅ - µ
σ√n
as n → ∞, is the standard normal distribution.
In quality control, the central limit theorem justifies the assumption that the
distribution of X̅ , the sample mean, is approximately normally distributed. Recall the
definition of the sample mean: If X1, X2… Xn is a random sample, then the sample
mean X̅ is defined as
n
X̅ = 1 ∑ Xi
n i=1

Suppose that a variable Z has the standard normal distribution
1. Probability density of a uniform chart
2. Density of the sum of 3 uniform random variables chart
In words, it means that the likelihood of obtaining a value of Z either larger than 3 or
less than -3 is 0.0026, or roughly 3 chances in 1000. This is the basis of the so called
three-sigma limits that have become the de facto standard in quality control.
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Now consider the sample mean x, which the central limit theorem tells us is
approximately normally distributed. Suppose that the mean of each sample value is µ
and the standard deviation of each sample value is σ (s). Then it is well known that the
mean of x is also µ and the standard deviation of X is σ/√n. Therefore, the
standardized variate
Z = X - µ~ N(0,1)

σ/√n
It follows that
P { -3 ≤ X - µ ≤ 3} = 0.9974

σ/√n
which is equivalent to
P {µ - 3σ ≤ X̅ ≤ µ + 3σ} = 0.9974

√n

√n

Density of d sum of 3 uniform pg 645
That is, the likelihood of observing a value of X̅ either larger than µ + 3σ/√n or less
than µ - 3σ/√n is 0.0026. Such an event is sufficiently rare that if it were to occur, it is
more likely to have been caused by a shift in the population mean, µ, than to have
been the result of chance. This is the basis of the theory of control charts.
With the theory of central limit theorem above, we can now estimate the fraction of
the product that fall outside the advertised tolerances. We find the probability in a
normal distribution table.
This theory raises an important point in the application of statistical principles to
quality control. If control charts are to be used to compare the characteristics of
manufactured items with preset design specifications, then the desired tolerances and
the observed statistical variation in the sample must be consistent.
If the tolerances are much tighter than the variation observed in the sample, then they
will often be exceeded even when the process is in control. The opposite situation can
also occur: the observed tolerances may be much wider than the observed variation in
the population. In this case, an observation may be out of control relative to other
sample values, but may fall within desired tolerances.
Relationship to Classical Statistics
Here, we consider statistical control charts in the context of classical statistical
hypothesis testing. The null hypothesis is that the underlying process is in control.
That is, we have the hypotheses
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Ho: Process is in control.
H1: Process is out of control.
The word control here means that the underlying chance mechanism generating
observations overtime is stable. For X̅ charts, we test whether the process mean has
undergone a shift. We can come to the wrong conclusion by two ways: reject the null
hypothesis when it is true (conclude that the process is out of control when it is in
control, and reject the alternative hypothesis when it is true (conclude the process is in
control when it is out of control).
These are called respectively the Type 1 and type 2 errors. We use the symbol α to
represent the probability of a Type 1 error and β to represent the probability of a Type
2 error.
A test is a rule that indicates when to reject Ho based on the sample values. A test
requires specification of an acceptable value of α, conceptually, we are doing the same
thing when using control charts.
The hypothesis that the process is in control is rejected if an observed value of X falls
outside the control limit (LCL) based on the specification of any value of α.

α = P {Type 1 error}
= P {Out of control signal is observed| Process is in control}
= P {X < LCL or X > UCL| True mean is µ}
= P {X < LCL| µ} + P { X > UCL| µ}
= P {X - µ<LCL – µ} + P {X - µ>UCL – µ}

σ/√n

σ/ √n

σ/√n

σ/√n

= P {Z <LCL – µ} + P {Z >UCL – µ}

σ/√n

σ/√n

Because the normal distribution is symmetric, we set
LCL –µ = -zα/2, UCL – µ = zα/2
σ/√n
σ/√n
Which gives
UCL = µ + σzα/2,

√n
LCL = µ + σzα/2,

√n
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Setting zα/2= 3 we obtain the popular three-sigma control limits. This is equivalent to
choosing a value of α = 0.0026. This particular value of α is the one that is
traditionally used; it is not necessarily the only one that makes sense.
In some applications, one might wish to increase the likelihood of recognizing when
the process goes out of control. One would then use a larger value of α, which would
result in tighter control limits. For example, a value of α of 0.05 would result in twosigma rather than three-sigma limits.

Summary for Study Session 5
In this study, you have that:
1. A control chart is a graphical means for determining if the underlying
distribution of some measurable variable seems to have undergone a shift.
2. It provides a simple graphical means of monitoring a process in real time. It is a
tool to determine whether a manufacturing or business process being monitored
is in control or not.
3. If the chart indicates that the process being monitored is not in control, the
pattern it reveals can help determine the
of variation to be eliminated to
bring the process back into control. It has gained wide acceptance in industry,
and preferred to more conventional statistical methods.
4. Depending upon the type of data, the two different types of control charts in
vogue are variable and attribute charts. The nature of data dictates the type of
chart to be used. Control charts are flexible and give early warning of a trouble.
They are good in evaluating process.
Self-Assessment Questions (SAQs) for Study Session 5
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.

SAQ 5.1
Explain the meaning of control chart
SAQ 5.2
Mention the four parts of control chart
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SAQ 5.3
Identify the different types of chart
SAQ 5.4
Outline steps in the principle of operation of control charts
SAQ 5.5
Outline the construction procedures of a control chart
SAQ 5.6
Mention the uses of control chart
SAQ 5.7
Explain how to determine which control chart to use
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Study Session 6: Control Charts for Attributes

Expected duration: 1 week or 2 contact hours

Introduction
Control charts for attribute data are used singly. Attribute data require good/bad or
go/no go decision and counting, e.g., type of defects (non-defects), percent late or
defective (not late), etc. There are attribute charts and so also the variable charts. The
Shewhart control chart plots quality characteristics that can be measured and
expressed numerically. You can measure weight, position, height, thickness, etc.
If you cannot represent a particular quality characteristic numerically, or if it is
impractical to do so, you may then resort to using a quality characteristic to sort or
classify an item that is inspected into one or two “bucket. The quality characteristic
criteria that sort units into defective and non-defectives are called attributes.
Example of quality characteristics that are attributes are the number of failures in a
production run, the proportion of malfunctioning wafers in a lot, the number of people
eating in the cafeteria on a given day, etc.
Learning Outcomes for Study Session 6
At the end of this lecture, you should be able to:
6.1 Explain what attributes data are.
6.2 Explain what is meant by p-chart
6.3 Explain fraction defective graph
6.4 Discuss control charts for defects
6.1 Background Information on Attributes
Many quality characteristics cannot be conveniently represented numerically or
measured. In such cases, we usually classify each item inspected as either defective or
non-defective. When products are largely produced, they are hereby classified as
categorised according to their conformities, defectiveness and goodness.
Quality characteristics of this type are called Attributes. Examples of quality
characteristics that are attributes are the number of failures in a production run, the
proportion of malfunctioning wafers in a lot, the number of people eating in the
cafeteria on a given day, etc.
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However, measurements are generally preferable to attributes data. Nevertheless, in
some situations, the only available information on the stability of a process takes the
form of qualitative or count data. Much quality inspection takes the form of
determining whether a product or component is acceptable or defective items.
The following are the most commonly used control charts in this category:

1. Control charts dealing with
the proportion or fraction of
defective products are called
p- charts (for proportion).

2.Control charts dealing with
the number of defects or
nonconformities are called ccharts (for count)

3.Control charts dealing
defects per unit, are called
the u- chart (for unit). This
applies when you desire to
work with the average
number of nonconformities
per unit of product.

Figure 6.1: Control charts categories

These can be further classified into two; namely
1. number of defective charts; and
2. number of defects charts.
Number of defective charts can be categorised as:

Figure 6.2: Categories of defective charts

Numbers of defects charts are also of two types:
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Sample size is
constant (c-chart)
Sample size is not
constant (u-chart).
You need to know when to use attributes control charts.
Attributes control charts can be used:
1. In a situation where process control is necessary but measurement, data cannot
be obtained.
2. When the process is a complex assembly operation and product quality is
measured in terms of the occurrence of non-conformities, successful or
unsuccessful product function etc.
3. When operators control the assignable areas and it is necessary to reduce
process fallout.
4. Where a historical summary of process performance is necessary for
management review.
Definitions:
1. Any item that fails to meet the required specifications is called non-conforming
item.
2. A defective item is a non-conforming item that cannot be used any longer. This
could be because of the failure of the item in a performance test.
In-Text Question
Examples of quality characteristics that are attributes are the following except:
A.
B.
C.
D.

The number of failures in a production run,
The proportion of malfunctioning wafers in a lot,
Quality train
The number of people eating in the cafeteria on a given day

In-Text Answer
C. Quality train
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6.2 The Control Chart for Fraction Defective or p-chart.
A p-chart is the control chart that tracks the percentage of non-conforming items. A pchart is used with attributes data. A P-chart is used to monitor and investigate the
proportion of items that are non-conforming, produced by a process.
In other words, it is used where p is the fraction of a sample of n items that are nonconforming according to some standards or specifications. It can also be the sample
fraction having any attribute of interest (desirable, undesirable, indifferent).
Fraction defective is the ratio of the number defective in the population to the total
number of items in that population. The statistical principle that underlines the control
chart for fractions defective is based on the binomial distribution.
Let the probability that any unit will not conform to specification in p and that
successive units produced are independent. If a random sample of n unit of product is
selected and if d is the number of units that are not conforming. The d has a binomial
distribution with parameters n and p,
Pr (d = x) = nCxpx (1 – p)n-x, where p = d
n
The mean and variance of p are:
p=µ
and
σp = p(1-p)
n
Suppose the true proportion defective p in the production process is known or is a
standard value specified by the management. Then the fraction defective control chart
will have for its upper control limit the estimated proportion of defectives in the
production run plus three standard errors of a proportion and for its lower limit the
estimated proportion of defectives less three standard errors or zero, whichever is
greater.
Any proportion falling outside these limits is assumed not to be the result of a
sampling variation but due to an assignable cause.
The centre line and control limits will be:
CL = p
UCL = p + 3√p (1-p)/n
LCL = p - 3√p (1-p)/n
The operation of the chart consists of taking subsequent sample of n units, computing
the fraction defective p and plotting the statistic on the chart so long as the p remains
within the control limit and the sequence of the plotted point does not exhibit any
systematic non-random pattern we would conclude that the process is in control at
quality level.
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However, if a point falls outside the control limit or if a non-random pattern in the
plotted pattern is observed, we would conclude that the process quality has shifted to a
new level and the process is out of control.
Any proportion of defectives falling outside these limits is assumed not to be the
result of a sampling variation but due to an assignable cause. When the process
fraction defective is unknown then this can be estimated from the observed data.
p = di/n, i = 1, 2 …n and the average of these individual sample fraction
defective is
p = Σdi/mn = Σpi/m
The statistic p estimates the unknown fraction defective p thus:
UCL = p + 3√p(1-p)/n
CL = p
LCL = p - 3√p(1-p)/n
The process is said to be in control as long as the observed fraction defective for each
sub-group remains within the upper and lower control limits. Any point outside these
limits shows that the production process is out of control.
Example 1: Twenty-five samples of 100 each are taken of ascertain quality of soft
drinks produced by a bottling company. The numbers of defective were
2, 4, 2, 6, 5, 3, 6, 2, 7, 6, 3, 8, 4, 8, 3, 7, 8, 2, 0, 4, 4, 5, 2, 4, 5.
Prepare a fraction defective control chart and plot the fraction defective in respect of
the number of defectives found in samples taken subsequently to the twenty-five
samples required to make the chart. The numbers of defectives found in the samples
were
5, 7, 5,4,3,6
Solution:
Total number of defectives = 2+4+2+6+…………. +4+5 = 110
Total number inspected = 25 x 100 = 2,500
Estimated proportion in production run = 110/2,500 = 0.044
P̅ = 0.044; 1 – p̅ = 1 – 0.044 = 0.956; n = 100
s.e (prop) = √ (0.044) (0.956)/100 = 0.02
UCL = 0.044 + 3(0.02) = 0.104
LCL = 0
CL = 0.044
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6.3 Fraction Defective Chart
The np control chart
It is possible to base a control chart on the number defectives rather than the fraction
defective. This is often called an np control chart. The parameters of this chart are:
UCL = np + 3√np(1-p)
CL = np
LCL = np - 3√np(1-p)
If a standard value of p is unavailable, then p bar would be used to estimate p.
Example 2: The following data refer to a visual defects found during inspection of the
first 10 samples of size 100 each in a blade manufacturing factory. Use the
information to draw np-chart, obtain the upper and lower control limits for number
defectives and give your findings.

X

1

2

3

4

5

6

Y

0.05

0.03 0.06 0.04 0.05 0.07

Figure2

1

2

3

4

5

6

7

8

9

10

Number of 2
defectives

1

3

2

1

4

1

2

3

1

Sample
No.
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Solution:
1. Total number of defectives in 10 samples of 100 each is

Σd = 2+1+3+2+1+4+1+3+1 = 20
2. Average fraction defective, that is, estimate of the process fraction defective is
given by:
p = Total no. of defectives/Total no of items inspected = 20/100 x 10 = 0.02
3. The 3-σ control limits for np-chart are:
np + 3√np(1-p) = 2 + 3√100x0.02x0.98
= 2 +3 x1 .4
UCL = 2 + 4.2 = 6.2
CL = 2
LCL = 2 – 4.2 = -2.2 = 0.

X

1

2

3

4

5

6

7

8

9

10

Y

2

1

3

2

1

4

1

2

3

1

Y
4.5
4
3.5
3
2.5

Y

2
1.5
1
0.5
0
0

2

4

6

8

10

12

Figure 3: Control chart for number of defectives, np-chart.

6.4 Control Chart for Defects, i.e. c-chart
A defective item is a unit that is non-conforming.It is an item that does not satisfy one
or more of specifications for a product and each point at which a specification is not
satisfied results in a defect or non-conformity, depending on the nature and severity of
the non-conformity.
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The c-chart is based on the observation that if the defects are occurring completely at
random, then the probability distribution of the number of defects per unit of
production has the Poisson distribution. If c represents the true mean number of
defects in a unit of production, then the likelihood that there are k defects in a unit is
P{Number of defects in one unit = k} = e-cck , for k = 0,1,2,…k!
When using a control chart for number of defects, the sample size should be the same
at each inspection. One estimates the value of c from baseline data by computing the
sample mean of the observed number of defects per unit of production. When c ˃=20,
the normal distribution provides a reasonable approximation to the Poisson. Because
the mean and the variance of the Poisson are both equal to c, it follows that for large c,
Z=X-c

√c
is approximately standard normal. Using the traditional three-sigma limits, the
upper and lower control limits for the c chart are
LCL = c - 3√c,
CL = c
UCL = c + 3√c.
Assuming that a standard value c is available, should this calculation yield negative
value for LCL, set LCL = 0. If no standard is given, then c may be estimated as the
observed average number of defects in preliminary sample of inspection with say c
bar; in this case, the control chart has parameters
LCL = c - 3√c,
CL = c
UCL = c + 3√c.

For c is unknown.

One develops and uses a c chart in the same way as other charts.
Example: The following are the number of defects observed in a production process
of a company for twenty days. Using these 20 data points as a baseline, determine
upper and lower control limits that include the universe of observations with
probability 0.95. What control limits result from using normal approximation of the
Poisson?
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Sample no

No of defects observed

1

4

2

5

3

5

4

7

5

6

6

8

7

6

8

5

9

6

10

4

Solution
Total number of defects = 56
Therefore c = 56/20 = 2.8
The control limits are given by
UCL = c + 3√c
= 2.8 + 3 √2.8
= 2.8 + 3(1.6733) = 7.82
CL = 2.8
LCL = 2.8 - 3√2.8
= 2.8 - 3(1.6733)
=

2.8 – 5.02 = -2.22

We will recommend LCL = 0, since it is negative.
For a normal distribution, approximately 2 standard deviations from the mean
include 95 percent of the probability. Hence, the control limits based on a normal
approximation of the Poisson are
LCL = c - 2√c = 2.8 - 2√2.8 = - 0.55 (set to zero)
UCL = c + 2√c = 2.8 + 2√2.8 = 6.2
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The normal approximation is not very accurate in this case because c is too low.
The control chart for the data is drawn below
UU

Figure 4: The Control Chart for No. of defects

Comment: The chart shows that the process is out of control.

4. Choice of Sample Size: The U-chart
The inspection unit is chosen for operational or for the simplicity of data collection.
However, the sample size need not be restricted to one inspection unit. We could
decide to use several inspection units in the sample thereby increasing the area of
opportunity for the occurrence of defect. Suppose that the control chart is based on the
sample size n inspection unit. Note that n does have to be an integer e.g. if n=2.5
inspection unit, then the sample size becomes 2.5 x 100 = 250 boards given that initial
size is 100. There are two approaches to this:

a. Re define the new inspection unit that is n times the old inspection unit, that is,
UCL = nc + 3√nc

CL = nc
LCL = nc - 3√nc
From the last example, if n = 2.5, then
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nc = 2.5 x 2.8 = 7…...CL
UCL = 7 + 3√7 =
LCL = 7 - 3√7 =

b. Setting up of a control chart based on the average of defects per inspection unit,
that is
u = c/n
where u is the average f defect per inspection.
n is the sample size.
c is no of defects
Note that u is a Poisson variable since it is a linear combination of n independent
Poisson random variable.
Consequently, the parameters of the control chart are
UCL = u + 3√u/n
CL = u
LCL = u - 3√u/n
Where u represents observed average number of defects per unit.
Example
Binatone, the manufacturer of electronic sets, such as television, radio, iron, etc
wishes to establish a control chart for defects per unit on the final assembly line. The
sample size of an item picked was 5. Data on the number of defects in number
sampled in the item in question are as below:

Sample
number

Sample
size

Total number Average number of
of defects ‘c’
defects per unitU=
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c/n
1

5

10

2

2

5

12

2.4

3

5

8

1.6

4

5

14

2.8

5

5

10

2.0

6

5

16

3.2

7

5

11

2.2

8

5

7

1.4

9

5

10

2.0

10

5

15

3.0

11

5

9

1.8

12

5

5

1.0

13

5

7

1.4

14

5

11

2.2

15

5

12

2.4

16

5

6

1.2

17

5

8

1.6

18

5

10

2.0

19

5

7

1.4

20

5

5

1.0

193

38.6

Total

You are required to set the 3-sigma control chart for the data and comment on your
result.
Solution
From the data, we want to estimate the average number of defects per unit
U = 1Σui = 1/20{38.60} = 1.93
n
Therefore, the 3-sigma control charts are
UCL = u + 3√u/n = 1.93 + √1.93/5 = 3.79
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CL = u = 1.93
LCL = u - 3√u/n = 1.93 - √1.93/5 = 0.07
Comment: From the available data, it shows that it is in control.

Variable Sample Size
The control chart for a number of defects is occasionally formed using 100%
inspection of the product. When this method of sampling is used, the numbers of
inspection unit in the sample are not usually constant. If the control chart for defects
(c-chart) is used, both the control line and limit will vary with sample size, which will
be very difficult to interpret.
The correct procedure is to use the control of defects per unit (u-chart). This chart will
have a constant central line but the control limit will vary inversely with the subgroup
size n.
Example: In a textile finishing plant, dyed cloth is inspected for the occurrence of
defects per 50 square meters. The data for 10 rolls are as shown in the table below:
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Occurrence of defects in dyed cloth
Roll
number

Number of
square meter

Total number of
defects

Number of
inspection unit
in roll, n

Number of
defects per
inspection unit

1

500

14

10.0

1.40

2

400

12

8.0

1.50

3

650

20

13.0

1.54

4

500

11

10.0

1.10

5

475

7

9.5

0.74

6

500

10

10.0

1.00

7

600

21

12.0

1.75

8

625

16

10.5

1.52

9

600

19

12.0

1.58

10

625

23

12.5

1.84

153

107.50

Total

u̅ = 153 = 1.42
107.5
Note that u is the ratio of the total number of observed defects to the total number of
inspection units.
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The control limits are computed as below:
Calculation of control limits
ni

UCL= u + 3√u/ ni

LCL= u - 3√u/ ni

1

10.0

2.55

0.29

2

8.0

2.68

0.16

3

13.0

2.41

0.43

4

10.0

2.55

0.29

5

9.50

2.58

0.26

6

10.0

2.55

0.29

7

12.0

2.45

0.39

8

10.5

2.52

0.32

9

12.0

2.45

0.39

10

12.5

2.43

0.41

Roll no

In-Text Question
The control chart for a number of defects is occasionally formed using 100%
inspection of the product. True or False
In-Text Answer
True
Summary for Study Session 6
In this study, you have learnt that:
1. Attributes control charts have the advantage of allowing for quick summaries
of various aspects of quality of a product, that is, the producer/
consumer/engineer may simply classify products as acceptable or unacceptable,
based on various quality criteria.
2. Attribute charts sometimes bypass the need for expensive, precise devices and
time-consuming measurement procedures.
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Self-Assessment Questions (SAQs) for Study Session 6
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 6.1
Identify the categories of defective chart
SAQ 6. 2
Define the term ‘A p-chart’
SAQ 6.3
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Study Session 7: Variable Control Charts

Expected duration: 1 week or 2 contact hours

Introduction
Control charts based on measurement of quality characteristics are often found to be
more economical means of controlling quality than charts based on attributes.
Variable charts that are commonly used are X- and R-charts.
Significant changes in either the mean or standard deviation are an indication of
significant changes in the process. When control is undertaken by using variables
instead of attributes, it usually takes the form of employing an X - chart to control the
average and R chart to control the general variability of the process.
This study will introduce will you to contextual view on control charts for variables.
You will also learn when measurements control charts are used.
Learning Outcomes for Study session 7
At the end of this study, you should be able to:
7.1
7.2
7.3
7.4
7.5

Contextual View on Control Charts for Variables
Explain when measurement control charts are considered
Discuss the x or chart
Construct a variable control chart;
Explain the computation Methods for Mean Chart or X - and R-charts

7.1 Contextual View on Control Charts for Variables
Control chart for variables is a true preventive tool. It provides the measure of process
improvement. Various forms of control charts have been developed based on the way
of assessing the quality of the manufactured product.
Variable control charts are purposely designed to achieve and maintain a satisfactory
quality level for a process whose product is amenable to quantitative measurements
like the thickness, length or diameter of a screw or not, weight of bolts, tensile
strength of steel pipes, specific resistance of a wire, etc.
The observations on such units can be expressed easily in specific units of
measurement. In such cases, the quality control involves the control of variation both
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in measures of central tendency and dispersion of the characteristic. It may be noted
that the variables under consideration here are of continuous character and are
assumed to be distributed normally.
In-Text Question
Control chart for variables is a true preventive tool. True or False
In-Text Answer
True
7.2 When do we make use of variable control charts?
Measurements control charts are considered in the following situations:
1. When a new process is coming up or a new product is being manufactured by
an existing process.
2. Where the operator must decide on whether or not to adjust the process.
3. When a change in product specifications is desired.
4. In regulated industries where process stability and capability need to be
continually demonstrated.
5. In processes where there are very tight specifications, overlapping assembly
tolerances or some other difficult manufacturing problems.
6. In destructive testing or when other expensive testing procedures are required.
7. When attributes control charts have been used but the process is either out of
control or is in control but the yield is unsatisfactory.
8. When it is desirable to reduce acceptance sampling or other stream testing to a
minimum.
9. In situations when the process is in trouble and the control chart can be useful
for diagnostic purposes.
Control charts for variables are of the following:
1. Control chart for mean (X̅ )
2. Control chart for range (R)
3. Control chart for standard deviation (σ).
In-Text Question
Measurements control charts are considered in processes where there are very tight
specifications
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In-Text Answer
True
7.3 X or Mean Chart
An x - chart shows variation in the average of samples. The means control chart
enables possible trouble to be averted. The principal indications when action should
be taken are:
a. an average outside the control limits,
b. several averages, especially if consecutively, near a control limit,
c. an undue number of averages above or below a central value,
d. a trend in averages,
e. an unusually long run of averages above or below a central value.
If the chart is being used to study past data, the control line is set at x̅ (the mean of the
means). The upper control limit (UCL) and lower control limit (LCL) usually are:
UCL = µw + kσw
CL = µw
LCL = µw - kσw
Where w is a sample statistic that measures some continuously varying quality
characteristic of interest (e.g., thickness), k is the distance of the control limits from
the centre line, expressed in terms of standard deviation units. When k is set to 3, we
speak of 3-sigma control charts. Historically, k =3 has become an accepted standard in
industry. The centreline is the process mean, which in general is unknown. We
sometimes replace it with a target or the average of all the data. The quantity that we
plot is the sample mean, x̅ . The 3-sigma (3σx̅ ) limits are rewritten as:
UCL = x + 3σx)
CL = x

)

for charts for analysing current control

LCL = x - 3σx)
In-Text
The means control chart enables possible trouble to be averted. True or False
In-Answer
True
74

7.4 Construction of an X - Chart
The construction of x̅ -chart involves the following steps:
1. Measurement is the first step in constructing an x-chart. This involves taking
measurement on the sample units selected at random from the product of the
process.
The measurement is usually done:
a. using accurate and standard equipment and instruments; and
b. taking the services of technically sound and skilled personnel.
Selection of samples or sub-groups. To draw valid conclusions from the control chart,
it is essential that all the samples are drawn at random so that each unit in the lot has
an equal chance of being selected in the sample. Other problems that may arise in the
selection of the sample are the size of the sample ‘n’ and the frequency of sampling.
In practice, samples of size 4 or 5 are usually selected. The frequency of inspection
depends basically on the nature of the process, that is, the quality of the product.
2. Suppose we draw k independent random samples each of fixed size n from the
lot to examine if the process is in a state of statistical quality control or not.
Let x1,x2,……..xk be the means of the observations on the 1st, 2nd,…….kth
sample respectively:
Moreover, let the respective sample S.D.’s be s1, s2, ……sk and the
corresponding sample ranges be R1, R2,……………..Rk respectively.
The mean of the sample means, X, obtained by dividing the sum of the
sample means (∑X) by the number of samples included in the chart, that is, k
X= x1+x2+……..+xk=1∑xi
Number of sample
And

k I =1

σ = s/c2 or R/d2, where
s = 1/k∑X or 1/k∑s

4. The next step is the computation of 3σ control limits; this is in the next subheading.
5. Construction of X-chart. The control chart of mean is drawn on a graph paper
by taking the sample number along the horizontal scale (x-axis) and the statistic
X along the vertical scale (Y-axis).
75

Sample points, i.e., sample mean (x1, x2…xk) are then plotted as points against the
corresponding sample numbers. These points may not be joined. The central line
is drawn as a bold horizontal line at X.
7.4 Computation Methods for Mean Chart or X - and R-charts
Suppose the quality characteristics are normally distributed with mean µ with standard
deviation σ where both µ and σ are known. If x1, x2, x3… xn is a sample of size n, then
the average of this sample is
x = x1 + x2 +………..+ xn
n
= σ/√n
x~ N(µ, σx) where σx
The probability is 1-α that any sample mean will fall between

µ + Zα/2σx = µ + Zα/2σ/n and
µ - Zα/2σx = µ + Zα/2σ/n.
If µ and σ are known then the above equations may be used as upper and lower control
limits.
However, it is customary to replace µ + Zα/2by 3 so that thisσ limits are employed. If a
sample mean falls outside of these limits, it is an indication that the process mean is
no longer equal to µ.
In practice, we usually do not know µ and σ and they must be estimated from
preliminary samples taken when the process is under control. Suppose that m-samples
are available each containing small n observations on the quality characteristics.
Typically, n is small often either 4, 5, or 6. Let x1 + x2 +………..+ xm be the average
of each sample, then
x = x1 + x2 +…...+ xm
m
Then R = Xmax – X min
Let R1, R2… Rm be the ranges in the m samples then the average
R = R1+R2 +………..+Rm
m
The estimate of σ would be computed as σ = R/d2. if we use x as an estimator of σ,
then the parameter of the x- chart are:
UCL = x+ 3R
d√n
CL = x
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LCL = x -3R
d√n
We note that the quantity A2 is

3R
d√n is a constant that depends only on a sample
size n so it is possible we rewrite our
UCL = x+ 2R
CL = x
LCL = x - 2R
Where the constant A2 is available in the appendix of this lecture note. The
parameters of the R-chart may be easily determined. The control line will be R and we
need an estimate of σR to determine the control limits. Assuming normal distribution
σRcan be found from relative range thus W = R/σ (called the RelativeRange). The
standard deviation of w1 say d3 is a known function of n. Thus since
R = Wσ

σR = d3σ And since σ is known, we may estimate σR by σR = d3R
d2
Before we attempt to state out the parameters of the R-chart, let us briefly explain the
R-charts.
2. R-charts
R-charts are used for testing whether there is a shift in the process variation. For the
values of the estimators used to construct the X chart to be correct, the process
variance should be constant. That is, it is recommended that the R chart be used before
the X chart assumes that the process variation is stable.
R charts are not the only means for testing the stability of the process variation. One
could also use a σ chart. One plots the sample standard deviation of the subgroups
over time to determine when and if a statistically significant shift in occur. Sigma
charts are rarely used in practice for two reasons:
1) It is more work to compute the sample standard deviations for each subgroup
than it is to compute the ranges.
2) R charts and σ charts will almost always give the same results.
For these reasons, we will not discuss σ charts in this text.
Consequently, the parameter of the R-chart with the usually 3σ control limits are:
UCL = R+ 3σR = R + 3d3R
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d2
CL = R
LCL = R - 3σR = R - 3d3R
d2
Let D3 = 1 - 3d3 and D4 = 1 + 3d3 and
d2 d2
we re-define the R-chart parameters as
UCL = R̅ D4
CL = R
LCL = RD3
The constants D3 and D4 are available in the appropriate table in the appendix. If the
management from the start provided standard values, at which it is expected that the
process can be controlled, the construction of X and R charts are simplified. If the
standard values are represented by X" and σ" the control limits are given by
UCL = d2d" + 3d3d"
LCL = d2d" + 3d3d"
Let A = 3/σn
D1 = (d2 - 3d3)
D2 = (d2 + 3d3)
The control limits for X - chart then becomes
UCL = X" + Aσ" and
LCL = X" - Aσ"
The control limit for the R-chart also becomes
UCL = D2σ"
LCL = D1σ"
The values of A, D1 and D2 for various values of n are available in the appendix.
Example: The following data show the individual weights for the five boxes in each
of 10 samples. Construct X- and R- charts and determine whether this process is in
control.

Sample number

1

2
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3

4

5
1
7.92

8.41

7.70

7.90

7.55

2
8.09

7.68

8.21

7.58

7.67

3
8.15

8.69

7.64

8.16

8.05

4
7.66

7.48

8.17

8.50

7.67

5
8.31

8.38

7.97

8.05

7.98

6
7.75

7.48

8.23

8.23

7.74

7
7.93

8.29

8.03

8.21

7.57

8
7.76

8.00

7.81

8.33

7.95

9
7.31

7.90

7.94

8.07

8.02

10
8.07

7.52

7.81

7.93

8.14

:
Mean (X̅ )

Range (R)

1

7.90

0.86

2

7.85

0.63

3

8.14

1.05

4

7.90

1.02

5

8.14

0.41

6

7.89

0.75

7

8.01

0.72

8

7.97

0.57

S/n

79

9

7.85

0.76

10

7.89

0.62

Total

79.54

7.39

For the 10 samples, ∑x = 79.54, ∑R = 7.39,
Therefore, the process average, x = 79.54/10 = 7.95
Mean Range R = 7.39/10 = 0.74
Control chart for mean x:
UCL = x + A2R = 7.95 + 0.577(0.74), the value 0.577 is from table.
= 8.38
CL = x = 7.95
LCL = x - A2R = 7.95 – 0.577(0.74)
= 7.52

Control chart for Range(R):
UCL = D4R = 2.115 x 0.74 = 1.56
CL = R = 0.74
LCL = D3R = 0 x 0.74 = 0
Since all the sample mean x and the sample ranges R lie within the corresponding
control limits, the production process is in a state of statistical control.
X and S Control charts
The x and s charts are concerned with the control of variation both in measures of
central tendency and dispersion of the characteristics.
When n > 10 or 12, the range method for estimating σ uses statistical efficiency. In
this case, it is better to replace the usual x and R-charts by x and s –charts.
If σ2 is the unknown variance of the probability distribution then an unbiased
estimator σ2 is the sample variance i.e.
s2 = 1∑ (xi – x)2.
n-1
However, s is not unbiased for σ if the underlined distribution is normal experiment of
s, that is, E(s) = C4σ where C4isa constant that depends on the sample size n.Its
standard deviation is σ√1-C24where C4= (2/n-1)1/2Гn/2
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Г (n-1)/2
The 3σ control limit for x-chart
UCL = C4σ + 3σ√1-C24
LCL = C4σ - 3σ√1-C24
Let B5 = C4 - 3σ√1-C24
B6 = C4 + 3σ√1-C24
Then the parameter of the s-chart with standard value for σ given now becomes
UCL = B6σ
CL = C4σ
LCL = B5σ
If σ is not known then we must analyse the past data. If m samples are taken
m
s̅ = 1/m∑si
i= 1
The statistic s/c4 is unbiased for σ therefore
UCL = s + 3s/c4√1-C24
LCL = s - 3s/c4√1-C24
Let

B3 = 1 - 3s/c4√1-C24 and
B4 = 1 + 3s/c4√1-C24

Consequently,
UCL = B4s
LCL = B3s
Note that B4 = B6/C4 and B3 = B5/C4
When s/c4 is used to estimate σ, we may define the control limits on the corresponding
x- chart as
UCL = x + 3s/c4√n
CL = x
LCL = x - 3s/c4√n
Let A3 =3/c4√n, then the x-chart parameters become
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UCL = x + A3s
CL = x
LCL = x - A3s
The constants B3, B4 andA3 are obtainable from the appropriate table in the appendix
for various values of n.
Summary for Study Session 7
In study session 7, you have learnt that:
1. A variable control chart is a two-part Control Chart used to monitor processes
with variable type data.
2. Variable control chart is the most common of all control charts.
3. X and R are the displayed charts under variable control chart.
4. Variable data requires some form of measurement, e.g., length, temperature,
time, volume, pressure, etc.

5. Situations that indicate when a process may be out of control are as specified
under attributes control charts. The situation should be investigated to
determine the problems affecting production processes.

Self-Assessment Questions (SAQs) for Study Session 7
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 7.1-7.4
a. Explain when measurement control charts are considered
b. construct a variable control chart
Twenty sets of four measurements of the diameters in centimetres of Hot Shot
golf balls were:
Sample
1
1.96

2.13

2.18

2.05

2

2.08

2.10

2.02
82

2.20
3
2.06

1.93

1.98

2.03

4
1.99

2.01

1.94

1.91

5
2.04

2.00

1.90

2.14

6
2.05

1.92

1.95

2.02

7
1.90

2.00

1.94

2.00

8
2.09

1.93

2.02

2.04

9
1.92

1.87

2.13

1.90

10
2.10

1.89

2.14

2.16

11
1.99

1.93

1.87

1.94

12
2.06

1.86

1.89

2.07

13
2.09

2.04

2.09

2.03

14
2.04

2.15

2.02

2.11

15
1.98

1.96

1.99

1.94

16
2.02

2.03

2.06

2.09

17
1.92

1.95

1.99

1.87

18
2.04

2.05

2.03

2.06

19

2.12

2.02

1.97
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1.95
20
2.02

2.03

2.01

2.04

a. Compute the means and ranges for each sample.
b. Using the results of (a), develop X and R charts, assuming three-sigma
limits for the two parameters.
1. Consider the data presented in question 1 above for the Hot Shot golf balls.
Suppose that X and R charts are constructed based on sample numbers 1 to 15
only.
a. What is the estimate of σ obtained from these 15 observations only?
b. What are the values of the UCL and LCL for both X and R charts based on
these observations only?
2. A process that is in statistical control has an estimated mean value of 180 and
an estimated standard deviation of 26.
a. Based on sub-groups of size four, what are the control limits for the X and
R charts?
b. Suppose that a shift in the mean occurs so that the new value of the mean is
162. What is the probability that the shift is detected in the first sub-group
after the shift occurs?
c. On average, how many sub-groups would need to be sampled after the shift
occurred before it was detected?
3. State five principal indications when action should be taken?
4. What are the reasons why standard control limit is not being constructed?
5. When do we make use of variable control charts?
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Study Session 8: Cumulative Sum Control Chart (Cusum Chart)

Expected duration: 1 week or 2 contact hours

Introduction
Cumulative sum chart is an informative method of graphical presentation for series
data, especially, where the mean level of the plotted variable is subject to small but
important changes in level. Such changes appear on the chart as changes in the shape
of cusum graph.
This study session will introduce you to cumulative sum control graph, nature of
plotted variable, methods of plotting cusum chart, scaling chart and the concept of the
v-mask.
Learning Outcomes for Study Session 8
At the end of this study, you should be able to:
8.1 Explain cumulative sum control chart
8.2 Explain the nature of plotted variable
8.3 Identify the methods of plotting CUSUM chart
8.4 Explain scaling of chart
8.5 Discuss the Interpretation and Slope Determination of CUSUM Chart
8.6 Explain the V-Mask.
8.1 Cumulative sum control chart (Cusum Chart)
CUSUM chart is an efficient alternative to Shewhart procedures.
A major disadvantage of any Shewchart control charts is that it only uses the
information about the process contained in the last plotted point and ignores those
given by the entire sequence of points.
The cusum chart has been proposed as an alternative to Shewchart control chart,
which incorporates all information in the sequence of sample values by plotting the
cumulative sum of the deviation from the target value.
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Figure 8.1: Cumulative sum chat

In particular, analysing ARL’s for CUSUM control charts shows that they are better
than Shewhart control charts when it is desired to detect shifts in the mean that are 2
sigma or less.
Suppose the sample of sizes n are collected with xi’s, i=1,2,……,m, then if µ o is the
target for the process mean, the cumulative sum control chart is defined by plotting
the sum quantity Sm = Σ(xi – µ o) against the sample number m. If the process remains,
control at the target value µ othe cumulative sum should vary randomly about zero.
However, if the mean shifts upward say to µ 1 µ othen a positive drift will develop in
the cumulative sum Sm. Conversely, if the mean shifts downward to µ 2 µ o then a
negative drift in Sm will develop. Therefore, an upward or downward trend is
considered as evidence that the mean has shifted and a search for assignable cause
should be carried out. A time, the quantity m
Sm = 1/σx̅∑(xi – µ0)
i=1
can be used against the sample number m as above. You‘ll have the same chart.
In-Text Question
CUSUM chart is an efficient alternative to Shewhart procedures. True or False
In-Text Answer
True
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8.2 Nature of plotted variable
CUSUM charts are used for various kinds of numerical information. Some of these
are:
1. Individual values of a time series e.g. regular sales or production figures or
index numbers.
2. Sample statistics of small samples taken at regular intervals such as for quality
monitoring.
3. Discrepancies between predicted and observed values e.g. (Performance –
Forecast) in time series modelling and (observation – estimate) in a regression
function.
Advantages
Compared with conventional methods of plotting series data, a cusum chart has some
advantages, these are:
1. The general slope gives an indication of a change in mean level over a
sequence of points. It is less prone to extreme values.
2. Always easier to locate appropriate points at which changes occur.
3. Equally, reliable decisions can be made with rather less sample information.
Disadvantages
i. It is more difficult to draw.
ii. Non-normality may bring considerable problem in the formation of decision rules.
In-Text Question
One of the disadvantages of CUSUM charts is that it is more difficult to draw. True or
False
In-Text Answer
True
8.3 Method of Plotting CUSUM Charts
To draw a Cusum chart, a target value T (the value which is sometimes given at the
initial stage) is usually subtracted from each result. But, if it is not given, for
retrospective examination of a complete set of data, the overall mean provides a
suitable target value.
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CUSUM charts are constructed by calculating and plotting a cumulative sum based on
the data. Let X1, X2… X24 represent 24 data points. From this, the cumulative sums
S0, S1, …, S24 are calculated. Notice that 24 data points leads to 25 (0 through 24)
sums. The cumulative sums are calculated as follows:
1. First calculate the average:

2. Start the cumulative sum at zero by setting S0 = 0.
3. Calculate the other cumulative sums by adding the difference between current
value
and
the
average
to
the
previous
sum,
i.e.:

for i=1, 2,… 24.
The cumulative sum is not the cumulative sum of the values. Instead, it is the
cumulative sum of differences between the values and the average. Because the
average is subtracted from each value, the cumulative sum also ends at zero (S24=0).
Successive deviations from the target are added to form a cumulative sum, that is,
k
ci= Σ(xi – T)
i=1
The chart is then drawn by plotting values of ci on the y-axis against corresponding i
on the x-axis. The following are the steps in plotting the CUSUM chart:
1. Choose a target value denoted by T e.g. the specification value.
2. Compute the deviations of the individual values x from the target value, that is,
x – T.
3. Compute Σ(x – T), that is, the CUSUM.
4. Plot the CUSUM (y-axis) against each successive item (x-axis).
The deviations of the individual values from the target value will fluctuate around the
target value, some negative and some positive, and the cumulative sum of these
deviations will approximate to zero, if the process is under control and the target value
is near the mean measurement of the product coming from the production line
(machine). When there is a change in the slope of the chart, a change in the mean
value is indicated.
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8.4 Scaling the Chart
A general method is to select a convenient distance on the i-axis and to use the same
distance on the CUSUM axis to represent 2σedata units where σ= standard error of the
data values. Thus if σe = 3 and we have a horizontal plotting interval of 5mm, then the
scale factor on the CUSUM axis is 6 units per 5mm.
It is preferable to round downwards to make plotting convenient so we round to 5
units per 5mm.At times, the standard error will be given or it may be known from
previous records e.g. If we know σthen σe= σ/√n where n = sample size.
In other cases, it is necessary to estimate from the given data. For this to be possible
σe= 8/9(r-1) Σdi
Where Σdi = sum of differences between successive values of x, r = number in series.
8/9 is an approximation for 1/1.128 which is a factor used for estimating standard
deviation from mean range in samples of size 2.
How does one interpret a CUSUM chart? Suppose that during a period of time the
values are all above average. The amounts added to the cumulative sum will be
positive and the sum will steadily increase. A segment of the CUSUM chart with an
upward slope indicates a period where the values tend to be above average. Likewise,
a segment with a downward slope indicates a period of time where the values tend to
be below the average.
Example: The following are the mean weight (in kilogram) of a given product taken
in a production run. The management of the company suggested an average weight of
25kilograms and standard error σe = 3kg. A small sample of size 32 packs of the
product was picked. These weights are:
25,29,24,22,28,26,21,23,27,28,26,21,27,24,26,24,22,23,26,22,23,25,28,29,24,31,25,
30, 30,24,30,33.
Draw a CUSUM chart for the data above and indicate where there is any change in the
mean.
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Solution
Given T= 25, and σe = 3 units
di = ׀xi – xi + 1׀

xi

xi – T

ci = ∑(xi – T)

1

25

0

0

2

29

4

4

-4

3

24

-1

3

5

4

22

-3

0

2

5

28

3

3

-6

6

26

1

4

2

7

21

-4

0

5

8

23

-2

-2

-2

9

27

2

0

-4

10

28

3

3

-1

11

26

1

4

2

12

21

-4

0

5

13

27

2

2

-6

14

24

-1

1

3

15

26

1

2

-2

16

24

-1

1

2

17

22

-3

-2

2

18

23

-2

-4

-1

19

26

1

-3

-3

20

22

-3

-6

4

21

23

-2

-8

-1

22

25

0

-8

-2

23

28

3

-5

-3

24

29

4

-1

-1

25

24

-1

-2

5

26

31

6

4

-7

27

25

0

4

6

i
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28

30

5

9

-5

29

30

5

14

0

30

24

-1

13

6

31

30

5

18

-6

32

32

7

25

-2

r = 32, ∑di= ∑ ׀xi – xi + 1׀
= 105
σe= 8/9(r-1) Σdi = 8 x 105
9 x 31
= 3.01
With σe =3, the scale factor on the cusum axis is 6 units per 5mm. This can be
rounded up to be 5 units per 5mm.
ci = ∑(xi – T)
30
25
20
15
10

ci = ∑(xi – T)

5
0
-5

1

3

5

7

9 11 13 15 17 19 21 23 25 27 29 31

-10

Figure 8.2: Cusum chart

8.5 Interpretation and Slope Determination of CUSUM Chart
One useful feature of the CUSUM chart procedure is that the mean level over any
selected interval can be readily obtained without recourse to the details of individual
items. Looking at the chart itself, information can be gathered about the changes in the
slope of the curve, and this can be used as a decision rule. To supplement the rule with
mathematical precision, we can then use the formula below:
X = Ci – Cr-1 + T
K–j- i
To find the change in the mean level between the 20th and the 29th points, we
have,
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X = 14 – (-3) + 14
29 – 20 + 1
= 17 + 14
10
Thus between the 20th and the 29th data points, the mean level has increased from 14
to 15.7.
8.6 The V-Mask
This is a visual procedure proposed by Barnard in 1959. Known as V-mask, it is
sometimes used to determine whether or not a process is out of control. The decision
procedure consists of placing the V-mask on the cumulative sum control chart with
point 0 on the last value of Sm and line OA parallel to the vertical axis.
A V-mask is an overlay shape in the form of a V on its side that is superimposed on
the graph of the cumulative sums. If all the cumulative sum S1, S2 …Sm. Lie within
the arms of the mask, the process is deemed to be in control. However, if any Si lies
outside the arms of the mask, the process is considered to be out of control.

Figure 8.3

: V-Mask Parameters

The Cumulative Sum Control Chart:
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The V-mask and scaling
The Cumulative chart in
operation
The performance of CUSUM chart is determined by the parameters of the V-mask.
One may use the lid distance δ and the angle θ to define the V-mask. Let α be the
probability of incorrectly concluding that a shift has occurred (a false alarm), β the
probability of failing to detect the shift in the mean, and ∆ is the shift in the process
mean that it is desired to detect. A widely used design for cumulative sum control
chart is
δ = (2/σ2) In [(1-β)/α]

and

θ = tan-1(δ/2k)
where δ = ∆
σx̅
is the magnitude of the shift that we wish to detect in σx̅ units, and k is a scale factor
relating the vertical scale unit and horizontal scale unit. It is usually recommended that
k lies between σx̅ and 2σx̅, with k = 2σx̅ being the preferred value. If β is small then
δ = -2Inα
δ2
A CUSUM chart is more effective in detecting relatively small shift in process means
than in Shewhart’s control chart. In addition, the process shift is often used to detect
usually the change in slope of the dotted point. Moreover, it is often relatively easy to
detect the point at which the shift occurs simply by visual examination of the plotted
data, noting where change in slope has occurred.
However, there is a disadvantage that a CUSUM can be very slow to detect large
process shift. Also, it is not a very effective procedure for analysing past data to detect
control in the process or to bring a process into control.
You can specify the V-mask in two ways:
1. Geometrically, by providing h and k (or simply h) with the H= and K= options
or with the variables H and K in a LIMITS data set.
2. In terms of error probabilities, by providing α and β (or simply α).
If you provide α and β, h and k are computed using the formulae. This means that
there is a choice of either designing via the method, using h and k or using α and β
design approach. For the latter approach, we must specify:
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1. α, the probability of a false alarm, i.e., concluding that a shift in the process has
occurred, while in fact it did not.
2. β, the probability of not detecting that a shift in the process mean has, in fact,
occurred
3. δ (delta), the amount of shift in the process mean that we wish to detect,
expressed as a multiple of the standard deviation of the data points (which are
the sample means).
h = |δ|-1log[(1-β)/(α/2)]
k = |δ|/2
If you provide α but not β, h and k are computed using the formulae
h = |δ|-1(α/2)
k = |δ|/2
In the preceding equations, the error probability α is divided by two because two-sided
deviations from the target mean are detected.
Interpreting Two-sided CUSUM Charts
The origin of the V-mask is located at the most recently plotted point, as illustrated
above. As additional data are collected and the cumulative sum sequence is updated,
the origin is relocated at the newest point. A shift or out-of-control condition is
signalled at time t if one or more of the points plotted up to time t cross an arm of the
V-mask.
An upward shift is signalled by points crossing the lower arm, and a downward shift is
signalled by points crossing the upper arm. The time at which the shift occurs
corresponds to the time at which a distinct change is observed in the slope of the
plotted points. As long as all the previous points lie between the sides of the V, the
process is in control. Otherwise (even if one point lies outside), the process is
suspected of being out of control.
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Summary for Study Session 8
In this study, you have that:
1. ACUSUM chart is a type of control chart (cumulative sum control chart). It is
used to detect small changes between 0.05 sigma. For larger shifts (0.5 – 2.5),
Shewart-type charts are just as good and easier to use.
2. Cumulative charts plot the cumulative sum of the deviations between each data
point (a sample average) and a reference value, T. Unlike other control charts,
one studying a CUSUM chart will be concerned with the slope of the plotted
line, not just the distance between plotted points and the centreline.
3. A mask in the shape of a V is usually laid over the chart with the origin over
the last plotted point.
Self-Assessment Questions (SAQs) for Study Session 8
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 8.1-8.6
1. Explain the need for cusum chart?
2. State the uses of cusum chart.
3. What are the advantages and disadvantages of cusum chart
4. Distinguish between the Shewhart control chart and the cumulative sum chart.
5. The data below are the result of 20 samples of size 4 of measurements of
diameters of holes drilled on steel plates
Sample

Sample

1

10

7

3

12

11

5

8

7

1

2

5

10

1

11

12

12

15

10

6

3

3

6

2

1

13

5

6

15

7

4

8

2

12

1

14

12

16

14

13

5

14

9

16

13

15

13

5

9

6

6

12

11

2

5

16

11

4

3

13

7

16

12

14

1

17

5

2

3

1
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8

1

10

16

5

18

5

7

14

16

9

10

9

14

12

19

6

11

16

5

10

6

11

5

13

20

10

16

15

6

a. Construct a cusum chart for means
b. Taking α = 0.01, β = 0.05 and δ = + 2.8, construct the V-mask.
c. Comment on the process.
1. Write short notes on the following:
a. Cusum charts
b. V-mask
c. Shewhart chart.
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Study Session 9: Acceptance Sampling

Expected duration: 1 week or 2 contact hours

Introduction
Acceptance sampling is a statistical procedure used in quality control. It involves
testing a batch of data to determine if the proportion of units having a particular
attribute exceeds a given percentage. The sampling plan involves three
determinations:
1. Batch size,
2. Sample size, and
3. Maximum number of defects that can be uncovered before rejection of the
entire batch
In this study, you will introduced to the subject acceptance sampling, the steps,
advantages and disadvantages, sampling inspection and reasons for inspection.
Learning outcomes for Study Session 9
At the end of this study, you should be able to:
9.1 Define acceptance planning
9.2 Identify the steps for acceptance planning
9.3 State the advantages and disadvantages of acceptance planning
9.4 Explain sampling inspection
9.5 States the reasons for inspection
9.1 What is Acceptance Sampling?
Acceptance sampling is a quality control procedure used when a decision on the
acceptability of a batch has to be made from tests done on a sample of items from the
batch. This is done by first establishing an acceptance plan or sampling plan that sets
the product acceptability criteria. This is known as the decision rule.
The decision rule is a rule that explicitly states how many out-of-specification items
(in a batch of arbitrary size) can be supplied to customers. Acceptance sampling
usually refers to the use of sampling inspection by purchaser to decide whether or not
to accept a given lot or shipment. It is an important field of statistical quality control
that was popularised by Dodge and Romig.
98

In manufacturing units, acceptance sampling is used in evaluating the acceptability of
incoming lots of raw materials and for final inspection of finished products.
Acceptance sampling, thus, provides protection from the risks to which the users and
producers of product(s) are exposed. Acceptance sampling is described as the middle
of the road approach between no inspection and 100% inspection.
Modern acceptance sampling involves a system of principles and methods. Their
purpose is to develop decision rules to accept or reject a product based on sample data.
The factors are:
1. The quality requirements of the product in the marketplace
2. The capability of the process
3. The cost and logistics of sample taking
This technique permits acceptance or rejection of a batch of merchandise or
documents under precisely specified circumstances. This is made possible when the
designer of the plan specifies two points on the operating characteristic curve.
Control charts provide a convenient way to monitor a process in real time to determine
if a shift in the process parameters appears to have occurred. Another important aspect
of quality control is to determine the quality of manufactured goods after they have
been produced. In most cases, 100 percent, inspection is either impossible or
impractical.
Hence, a sample of items is inspected and quality parameters of large lots of items are
estimated based on the results of the sampling.
Box 9.1: Definition of Acceptance Sampling
Acceptance sampling is a quality control procedure used when a decision on the
acceptability of a batch has to be made from tests done on a sample of items from the
batch.
The main purpose of acceptance sampling is to decide whether or not the lot is likely
to be acceptable, not to estimate the quality of the lot. Acceptance sampling may be
applied where large quantities of similar items or large batches of material are being
bought or are being transferred from one part of an organisation to another.
Unlike statistical process control where the purpose is to check production as it
proceeds, acceptance sampling is applied to large batches of goods that have already
been produced. Acceptance sampling ignores the process and focuses exclusively on
the output after it has been produced.
There is a place for acceptance sampling in a modern quality system. In acceptance
sampling, we use the operating characteristic or OC curve to estimate the probability
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of making a Type I and Type II error. Each sampling plan has a unique OC curve that
is determined by the sample size, n, and the acceptance number c.
9.1.1 Definitions of Basic Acceptance Sampling Terms
Acceptance sampling: is a sampling inspection in which decisions are made to accept
or reject a set of products. In addition, it is a science that deals with procedures by
which decisions to accept or reject are based on the results of the inspection of
samples.
Acceptance sampling plan (ASP): It is a specific plan that states the sample size or
sizes to be used and the associated acceptance and rejection criteria.
Average outgoing quality (AOQ): is the expected fraction defective after substituting
good ones for bad once in rejected lot and a sample taken from accepted lot.
Producer’s risk (PR): The probability of rejecting a lot of relatively small defectives.
It is also the probability of rejecting null hypothesis that the lot is good. [Type 1
error].
Consumer’s risk (CR): It is the probability of accepting a lot of relatively large
fraction of defectives. It is called Type ll error.
Average outgoing quality limit (AOQL): AOQL is the maximum AOQ over all
possible values of incoming product quality, for a given acceptance sampling plan.
Acceptable quality level (AQL): AQL as used in the development of two point
acceptance-sampling plans. The values of AQL and alpha jointly define the producers’
point of the operating characteristic curve. The AQL is a percent defective that is the
base line requirement for the quality of the producer’s product. The producer would
like to design a sampling plan such that there is a high probability of accepting a lot
that has a defect level less than or equal to the AQL.
Average sample number (ASN): It is the average number of sample units per lot in
reaching decisions to accept or reject. The ASN curve is a plot of ASN versus lot
quality.
Operating characteristic curve (OCC): It is a curve showing, for a given sampling
plan, the probability of accepting a lot, as a function of the lot quality level. Some
examples of this curve are as given below:
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Alternative of OC Curve

This curve plots the probability of accepting the lot (Y-axis) versus the lot fraction or
percent defectives (X-axis). The OC curve is the primary tool for displaying and
investigating the properties of a LASP.
Lot tolerance percent defective (LTPD): The LTPD is a designated high defect level
that would be unacceptable to the consumer. The consumer will like the sampling plan
to have a low probability of accepting a lot with a defect level as high as the LTPD.
Before we end the lecture, let us see some of the notations we shall use and their
meanings.
1. AOQ = Average outgoing quality
2. AOQL= Average outgoing quality limit. The maximum value of AOQ curve.
3. AQL= Acceptable quality level (p0)
4. α = P (Type l error). It is the probability of rejecting good lot (Producer’s risk)
5. β = P (Type ll error). It is the probability of accepting bad lots (Consumer’s
risk)
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6. c = The acceptance level for a single sampling plan
7. LTPD = Lot tolerance percent defective (p1). Unacceptable quality level.
8. N = Number of items in lot.
9. OC (p) = Operating characteristic curve.
10. p = True proportion of defectives in a lot.
x = Number of defectives observed in a sample of n items.
9.1.2 Acceptance Sampling conditions
Acceptance sampling procedures are most useful when one or more of the following
conditions exist:
1. when destructive testing is required;
2. when the cost of 100% inspection is extremely high;
3. when there are time constraints or technological limitations;
4. when 100% inspection takes too long;
5. when the vendor has an excellent quality history and some reduction in
inspection from 100% is desired;
6. when there is a potentially serious product variability risk/rate and although the
vendor’s process is satisfactory, a programme for continuously monitoring the
product is necessary;
7. when automation inspection is not used;
8. in a situation where the course of action is either to accept or reject; and
9. when the fatigue or boredom caused by inspecting large numbers of items leads
to inspection error.
In-Text Question
The probability of rejecting a lot of relatively small defectives is called ____________
A.
B.
C.
D.

Acceptance sampling plan
Average outgoing quality
Producer’s risk (PR)
Acceptable flow

In-Text Answer
C. Producer’s risk (PR
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9.2Steps for Acceptance Sampling
These basic steps for acceptance sampling are divided into two, viz- a- viz, for: batch
processes and for continuous processes

Batch
processes

Continuous
processes

Figure 9.1: Steps for acceptance sampling

Batch Processes
The following are the features of batch process:
1. Lot is received from the production line. They are:
2. A random sample is taken from the batch.
3. The sample is analysed and checked whether it meets the acceptance criteria.
4. If the sample meets the acceptance criteria, the batch is accepted and sent for
further processing.
5. If the sample fails to meet the criteria, the batch will be removed and evaluated
(determining next step for that particular batch).
Continuous Processes
The following are the features of continuous process. They are:
1. Sample is taken from process line at a certain frequency.
2. The sample is analysed and checked whether it meets the acceptance criteria.
3. If the sample meets the acceptance criteria, then continue to accept products.
4. If the sample fails to meet the criteria, then that particular group of out-ofspecification products will be separated and evaluated (determining next step
for that particular group of products).
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9.3 Advantages and Disadvantages of Acceptance Sampling
Acceptance sampling has its advantages and disadvantages.
Advantages
1. It is more economical than doing 100% inspection.
2. There is less damage due to inspection handling.
3. It takes much lesser time than doing 100% inspection.

Disadvantages
1. There are many errors (producer’s and consumer’s risk) associated with the
sampling.
2. The sample does not provide 100% accurate information on the condition of
the batch.
In-Text Question
The following are the features of batch process except ________
A.
B.
C.
D.

Lot is received from the production line. They are:
A random sample is taken from the batch.
A simple word check
The sample is analysed and checked whether it meets the acceptance
criteria.

In-Text Answer
B. A simple word check
9.4 Sampling inspection?
Sampling inspection is a technique used in evaluating the quality of a product by
sampling rather than by 100 percent inspection. Suppose batches or items are
presented for sentencing and the possible decisions are say either to accept or reject,
or accept or sell at a reduced price etc. This is called acceptance inspection.
9.4.1 Description of an Inspection Situation
Quality checks on a finished product usually involve the inspection of a random
sample from a batch. The number of defectives in a large sample can be expected to
have many operating characteristics, especially, Poisson distribution, and this fact can
be used to find the probability that a sample with a given number of defectives came
from a batch with, at most, a given percentage of defectives.
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At the inspection station, a sample of items is selected from some or all of the batches
and the samples are inspected. Each batch is then sentenced and placed in one of the k
output streams. When there are only two output streams these are usually referred to
as the accepted or rejected batches.
The accepted batches are those passed on for sale to customers, while the rejected
batches are either sorted or not sorted. The rejected batches could be sorted into
conforming items and non-conforming items- such that the non-conforming items are
either scrapped, sold at reduced price, returned, or re-processed. It is possible that the
rejected batches are not sorted. In this situation, it is either that they are sold at a
reduced cost, scrapped or reprocessed.

9.4.2 Advantages and disadvantages of acceptance Inspection
Advantages of Acceptance Inspection include the following:
1.
2.
3.
4.
5.

It is usually less expensive because of its less inspection.
There is less handling of products; thereby it reduces damage.
The period of inspection is greatly reduced.
Fewer personnel are required for the exercise compared to 100% inspection.
The rejection of the entire lots is supposed to be simple returned as defective
items. This often provides a strong motivation to the vendor for quality
improvement.
6. Acceptance inspection is applicable to destructive testing.
7. It reduces the amount of inspection error.
Disadvantages of Acceptance Inspection
Disadvantages of Acceptance Inspection include the following:
1. There are risk of accepting “bad” lots and rejecting “good” lots.
2. Less information is usually generated about the product or about the process
that manufactured the product.
3. Acceptance sampling requires planning and documentation of the acceptance
sampling procedure whereas 100% inspection does not.
9.5 The reasons for Inspection
There are many reasons for inspection in the manufacturing industries. The reasons
can be considered from both the producers’ and the consumers’ points of view.
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Producers know the implication of non-conformance of product to standard; hence,
the need for thorough checking of produced items before they are distributed for sale
to the consumer. Nowadays, there are government agencies that have been mandated
to ensure quality and set standards in the manufacturing industries.
Thus, inspection must be made to satisfy these requirements. Also, information is
needed for quality control plan to be carried out so as to prevent non-conformance of
products in future. Lastly, inspection will give the producer an opportunity to grade
their products depending on the level of quality.
For the consumers, inspections are provided to grade batches for different uses. It
encourages the producer to provide the quality required. In addition, it is used to
confirm that the quality of goods produced/supplied is up to the set standards.
Lot Acceptance Sampling
Dodge reasoned that a sample should be picked at random from the lot, and on the
basis of information that is yielded by the sample, a decision should be made
regarding the disposition of the lot. In general, the decision is either to accept or reject
the lot. This process is called Lot Acceptance Sampling or just Acceptance Sampling.
Lot Acceptance Sampling Plans
A lot acceptance sampling plan is a sampling scheme and a set of rules for making
decisions. The decision, based on counting the number of defectives in a sample, can
be to accept the lot, reject the lot, or even, for multiple or sequential sampling
schemes, to take another sample and then repeat the decision process.

9.6 Sampling Plans
Acceptance sampling plans provide procedures and standards for determining the
most efficient sample to be used in lot acceptance/rejection decisions. A key element
of acceptance sampling is the sampling plan. Sampling plans specify the lot size, N;
the sample size, n; the number of samples to be taken; and the acceptance/rejection
criteria. Acceptance sampling procedures can be applied to both attribute (counts) and
variable (measurements) inspection.
Sampling inspection by variables is a sampling scheme based upon measurable
quantitative characteristics of products such as dimension, height, weight, tensile
strength, etc. Before we discuss lot formation and characteristics of a good acceptance
plan, let us exhibit the advantages and disadvantages of sampling inspection by
variable.
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Advantages of Sampling by Variables
1. They require small sample sizes for inspection compared with attributes
sampling.
2. Additional bits of information as to how good or bad an item produced is
provided as additional information from the process.
Disadvantages of Sampling Inspection by Variables
1. It is possible to reject a lot of relatively low proportion defective theoretically.
2. Separate plans need to be employed for different quality characteristics.
3. The distribution of the quality characteristic must be of specified form.
Lot Formation
There are some important considerations in forming lots for inspection; some of these
considerations are as follows:
1. Lots should be homogenous. The units of the lots should be produced by the
same machines, operators (from common raw material at approximately the
same time.
2. Larger lots are preferred over small ones. It is usually more economically
efficient to inspect large lots than the small.
3. Lots should be conformable to the materials handling systems used in both the
vendor and the consumer facilities.
Random Sampling
The representative ness of any method used during inspection is very important. The
units selected from the lot should be chosen at random and then should be
representative of all the items in the lot otherwise, bias will be introduced. If any
judgement methods are used to select the sample, the statistical basis of the acceptance
sampling procedure is lost.
Characteristics of a good Acceptance Plan
The following are the characteristics of a good acceptance plan:
1. A good acceptance plan protects the producer against any lot being rejected
when the product is in good state.
2. It protects the consumer against the acceptance of bad lots.
3. It gives a long run protection to the consumers by adopting a plan with a good
average outgoing quality limit.
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4. It minimises the cost of sampling and administration.
5. It gives information concerning the quality of the product.
6. It encourages the producer to keep to his process in control. This is made
possible by varying the requirement of acceptance historic record of the lots
shipped, that is, normal, reduced, tightened inspection.
We have seen what informs the chosen of sampling plan. We shall now examine
various sampling schemes that could be used for different situation. There are several
types of acceptance sampling plans; these are single sampling plan, double sampling
plan, multiple sampling plan, sequential sampling plan, skip plot sampling plan, etc.
All these will be discussed in detail in the subsequent chapters. Before we finally
conclude the lecture, is noteworthy that acceptance sampling is not limited to
manufacturing sector; can also be used in auditing to check the accuracy of ledgers.
Here, the acceptable quality level (AQL) is, say, less than 2 errors per 100 entries.
The producer’s risk now is that a complete check would be ordered, even though the
ledger was quite up to standard; whilst the consumer’s risk is that of accepting a poor
ledger.
Let us go through some useful definitions we shall come across in subsequent lectures.
Summary for Study Session 9
In study session 9,you have learnt that:
1. Acceptance sampling is a quality control procedure used when a decision on
the acceptability of a batch has to be made from tests done on a sample of items
from the batch. This is done by first establishing an acceptance plan or
sampling plan that sets the product acceptability criteria.
2. Sampling inspection is a technique used in evaluating the quality of a product
by sampling rather than by 100 percent inspection.
3. There are many errors (producer’s and consumer’s risk) associated with the
sampling.
4. A lot acceptance sampling plan is a sampling scheme and a set of rules for
making decisions.
5. Producers know the implication of non-conformance of product to standard;
hence, the need for thorough checking of produced items before they are
distributed for sale to the consumer.
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Self-Assessment Questions (SAQs) for Study Session 9
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 9.1
Define Acceptance sampling
SAQ 9.2
Identify some basic steps for acceptance sampling
SAQ 9.3
State the advantages of acceptance sampling
SAQ 9.4
Explain sampling inspection
SAQ 9.5
Identify the reasons for inspection.
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Study Session 10: Single Sampling Plan for Attributes

Expected duration: 1 week or 2 contact hours

Introduction
Single sampling plans are by far the most popular and easiest to use of the plans that
will be discussed. Two numbers, n and c, determine a single sampling plan. If there
are more than c defectives in a sample of size n, the lot is rejected; otherwise, it is
accepted.
In this study, you will also learn about the operating characteristics of the single
sample plan, the design of single sampling plan with a specified OC curve and
operating characteristics curve.
Learning Outcomes for Study Session 10
At the end of this study, you should be able to:
10.1
10.2
10.3
10.4

Explain the concept of single sample plan
Discuss the operating characteristics of the plan
Design a single sampling plan with a specified OC curve
Explain operating characteristics curve

10.1 Concept of Single Sampling Plan
In acceptance sampling by attributes, each item tested is classified as conforming or
non-conforming. (Items used to be classified as defective or non-defective but these
days, no self-respecting manufacturing firm will admit to making defective items.) A
sample is taken and if it contains too many non-conforming items, the batch is
rejected; otherwise, it is accepted.
One sample of items is selected at random from a lot and the disposition of the lot is
determined from the resulting information. These plans are usually denoted as (n, c)
plans for a sample size n, where the lot is rejected if there are more than c defectives.
These are the most common (and easiest) plans to use, although not the most efficient
in terms of average number of samples needed. There are two widely used ways of
picking (n, c):
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1. Use tables (such as random digits, MIL STD 105D) that focus on either the
AQL or the LTPD desired.
2. Specify 2 desired points on the OC curve and solve for the (n,c) that uniquely
determines an OC curve going through these points.
There are three numbers that determine a single sampling plan. These are the lot size
N submitted for inspection; the second sample size n; and the third is the acceptance
plan number c.
Let us see this simple illustration.
Given that lot size N= 1000 is submitted for inspection. A random sample size n=89
units is inspected and the number of non-conforming or defective items d is observed.
If the number observed is c ≤ 2, the lot will be accepted; otherwise, the lot will be
rejected. The procedure is called a single sampling plan because the lot is sentenced
based on the information contained on the sample of size n.The decision is made after
the first sample must have been drawn.
The procedure of single sampling plan is as follows:
Step 1: Take a sample of size n from a lot of N.
Step 2: Let d represent the number of defective items in the lot.
Step 3: Let c be the acceptance number. If d ≤ c, the lot is accepted; otherwise, it is
rejected.
Note that d is a random variable between 0, 1… n, c is unknown, and the probability
can be calculated based on statistical properties of the population as a whole.
The scheme has advantages and disadvantages. The following are the advantages of
single sampling plan:
1. It is easy to design, explain and administer.
2. It is usually less expensive and the amount of sampling and inspection is
constant.
3. Maximum information concerning the lot quality can be obtained from each
sample and can be plotted on a control chart.
Its disadvantages are as follows:
1. The average amount of inspection is usually larger than that of the double
sampling plan and that of some other plans.
2. Another disadvantage is that of psychological, to some people, it seems unfair
to reject a lot under the basis of only one sample.
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In-Text Question
In acceptance sampling by attributes, each item tested is classified as conforming or
non-conforming. True or False

In-Text Answer
True
10.2 Operating Characteristic of a Single Sampling Plan
If the random variable that is the number of defectives follows a hyper geometric
distribution, then the probability of acceptance denotes:
Pa = ∑ kCx {N-X}/{N}
{n-k }{ n}
Pa = ∑ kCx px(1-p)k-x _ Binomial model
Pa = ∑ e-np (np)x _ Poisson model
x
The goal of all sampling procedures is to estimate the properties of a population from
the properties of the sample. In particular, we wish to test the hypotheses
Ho: Lot is of acceptable quality (p ≤ po)
H1: Lot is of unacceptable quality (p ≥ p1).
The test is of the form:
Reject Ho if x > c. The value of c depends on the choice of the Type 1 error
probability α. The Type 1 error probability is the probability of rejecting Ho when it is
true. In the context of the quality control problem, this is the probability of rejecting
the lot when it is acceptable. This is also known as the producer’s risk. In equation
form,
α = P {Reject Ho│Ho is true} = P {Reject lot│lot is good} = P{x > c│p=po}
the exact distribution of x is hyper geometric with parameters n, k and N and x. That
is,
Pa = ∑ kCx {N-X}/{N} for
0 ≤ x ≤ min(x,n)
n-k
n
{ }{ }
Where Pa = {N} = Nǃ
{ n} nǃ(N-n)ǃ
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In most applications, N is much larger than n, so the binomial approximation to the
hyper geometric is satisfactory. In that case
P(X=x) = ∑ nCx px(1-p)n-x

for 0 ≤ x ≤ n

Where p = x/n is the true proportion of defectives in the lot.
A single sampling plan, where the lot size (N) is large and the lot is considered to have
been drawn from a theoretically infinite process, is governed by the binomial
distribution. Using the binomial approximation, the producer’s risk and the
consumer’s risk are given by n
α = p{X >c | p = po} = ∑ nCx px (1-p)n-x
x=c+1
c
β = p{X ≤ c | p = p1) = ∑ nCx px(1-p)n-x
x=0
Should the plan follows the Poisson distribution, it is of the form:
c
P(X =x) = ∑ e-np (np)x
x= 0

xǃ

Where np may be written as λ and from a table value, the values of α and β are
approximately 0.0803 and 0.4216 respectively.
Most statistical tests require specification of the probability of Type 1 error.
Values of α, n and po will determine a unique value of c, which can be found from
tables of the cumulative binomial distribution. However, because the binomial is a
discrete distribution, it may not be possible to find c to match exactly the desired value
of α. When p is small and n is moderately large n > 25 and np (1-p) > 5, the normal
distribution provides an adequate approximation to the binomial.
Example 1
DECCA Records is a large Nigeria retail chain of stores specialising in records and
tapes. One of DECCA’s suppliers is Automat Records, which ships records to
DECCA in 100-record lots. After some negotiation, DECCA and Automat have
agreed that a 10 percent rate of defectives is acceptable and a 30 percent rate of
defectives is unacceptable.
From each lot of 100 records, DECCA has established the following sampling plan:
10 records are sampled, and if more than 2 are found to be warped, scratched, or
113

defective in some way, or another, the lot is rejected. Determine the consumer and
producer’s risk associated with this sampling plan. Comment on your results and state
the company that will benefit from this arrangement.
Solution
From the given information, we have that po = 0.1, p1= 0.3, n = 10, and c = 2, hence
α = p{X > c | p = po} = p{X > 2 | p = 0.1} = 1 – p{x ≤ 2│p = 0.1} =

2
=

1 - ∑10Cx (0.1) x (1-0.1)10-x
x=0

=

1 – 0.9298

=

0.0702.
2

β = p{X ≤ c | p = p1) = p{x ≤ 2│p = 0.3} = ∑ 10Cx (0.3)x(1-0.3)10-x
x=0
= 0.3828.
From the results obtained above, an examination of this shows that this particular
sampling plan is more advantageous for the supplier, Automat, than it is for DECCA.
The value of β = 0.3828 means that DECCA is passing almost 40 percent of the lots
that contain 30 percent defectives. Furthermore, the probability of accepting lots with
proportions of defectives as high as 40 percent and even 50 percent is not negligible.
This accounts for DECCA’s experience that there seems to be many customer returns
of Automat label records.
Example 2
Abass Yakub, an employee of DECCA who enrolled for MBA programme, was asked
to look into the problem with Automat records. He discovered the cause of the trouble
by his analysis of the OC curve above. In other to decrease the chances that DECCA
receives bad lots from Automat, he suggested that the sampling plan be modified by
setting c = 0. Find the resulting consumer’s risk and the resulting value of the
producer’s risk.

Solution
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The resulting consumer’s risk is
β = p{X ≤ c│p = p1) = p{x ≤ 2│p = 0.3}
β = p{X ≤ 0│p = 0.3) =(0.3)0(0.7)10
= 0.028.
This is approximately 3 percent. This seems to be an acceptable level of risk, so the
firm instituted this policy. Unfortunately, the proportion of rejected batches increased
dramatically. The resulting producer’s risk, α, is
Producer’s risk is
α = p{X > c│p = po}
α = p{X > 0│p = 0.10}= 1 - p{X = 0│p = 0.1}
= 1 – (0.90)10
= 0.6513.
That is, about 65 percent of the good batches are being rejected by DECCA under the
new plan. Automat has threatened to discontinue shipments to DECCA unless it
returns to its original sampling plan. The DECCA management doesn’t know what to
do. If it returns to the first plan, the company will face the risk of losing customers
who can go elsewhere for an option of higher quality records.
If it continues with the current plan, it risks losing the supplier Automat. Fortunately,
Abass, who has been studying quality control methods, was able to propose a solution.
If the sample size n were increased, the power of the test would improve.
Eventually, a test could be devised that would have acceptable levels of both the
consumer’s and producer’s risk. Because Automat insisted on no more than a 10
percent probability of rejecting good lots. DECCA also wanted no more than a 10
percent probability of accepting bad lots.
After some experimentation, Abass found that a sample size of n = 25 with a rejection
level of c = 4 seemed to meet the requirements of both Automat and DECCA. The
exact values of α and β for this test are:
α = p{X > 4│p = 0.1, n = 25} = 0.0980
β = p{X ≤ 4│p = 0.3,n = 25) = 0.0905
There was an improved efficiency of this plan, but with an increase in cost of
inspection, which both parties have agreed to pay.
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10.3 Designing a Single Sampling Plan with a Specified OC Curve
A common approach to the design of an acceptance of sampling plan is to require the
OC curve to pass through two designated point. Suppose that we wish to construct a
sampling plan such that the probability of acceptance is 1- α for lots of fraction
defective p1 and the probability of acceptance to be β for lots of fraction defective p2
.Assuming a binomial sampling is appropriate, the sample size n and acceptance
number c are the solution to:
c
∑ nCx p1x(1-p1) n-x = 1 - α

…………………………………. (1)

x=0
c
∑ nCx p2x(1-p2)n-x = β

………………....………………. (2)

x=0
We need a pair of values (n,c) satisfying these equations. Owning to the discreteness
of the binomial distribution, it may not be possible to satisfy equations (1) and (2)
exactly. If we replace the binomial terms with the poisson terms, we have
c
∑ e-np1(np1)x = 1 – α ………………………………….(3)
x=0

x

c
∑ e-np2(np2)x = β
x=0

………………………………….(4)

x

1-θ
P1

P2

The cumulative poison distribution can be related to the cumulative χ2- distribution.
Since it can be shown through integration by parts that
∞

c

1/c! tce-t dt =

∑ e-mmx

…………………………………….(5)
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x=0 x! c
and hence that ∑ e-mmx = p{ χ2>2m│2(c+1)df ……………….(6)
x=0 x!
Since the integral on the left hand side of equation (5) is the probability that χ2>
2m for a χ2 - distribution having 2(c+1) degree of freedom. Equations (3) and (4) are
then equivalent to p {χ2> 2np1│2(c + 1) d.f} ≥ 1 – α ………………………..(7)
P {χ2> 2np2│2(c + 1)d.f}≤ β ……………………………(8)
If we denote 100α percent of a chi-square distribution with 2(c+1) degree of
freedom by p{χ2α }then the inequalities are
2np1≤ χ2α ……………………………………………. (9)
2np2 ≥ χ21-β ……………………………………………(10)
If we now put r(c) = χ21-β …………………………………………….(11)
χ2α
Then c is the smallest value satisfying
r(c-1) > p2/p1> r(c) ………………………………….(12)
We can then solve equations (9) and (10) to obtain
χ21-β ≤ n ≤ χ2α ……………………………………….(13)
2p22p1
With χ2having its degree of freedom to be 2(c+1).
Any n in the interval of inequality (13) will solve the problem, and we can choose
which of inequality (3) and (4) is nearer being satisfied as an inequality by the choice
of n nearer to 1 or other limits. If (13) does not contain an integral value of n, we must
increase c and obtain a new interval (13).
In this way a sampling plan approximately satisfying (1) and (2) is easily obtained and
tables of r(c) and chi-square percentage limits are available. Once an (n,c)
combination is determined and approximately OC curve can be plotted using standard
χ2 percentage point and equation 16.

Example 3: Design a single sampling plan for which the power requirements p0 =
0.01, p1 = 0.10, α = 0.05, and β = 0.10. Determine the sample size and the acceptance
number of the plan.
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Solution
r(c-1) < p1/p0 < r(c) …………………………………(1)
χ21-β ≤ n ≤ χ2α ………………………………………………(2)
2p1

2p0

p1/p0 = 0.10/0.01 = 10
if c = 0 , degree of freedom =2
r(c) = χ21-0.10 = 4.605 = 44.7087
χ20.05
0.103
if c = 1, df =4
r(c) = χ20.90= 7.779 = 10.9409
χ20.05 0.711
44.709 > 10 not > 10.940 not feasible.
If c = 2, df = 6
r(c) = χ20.90 =10.64 = 6.510
χ20.05 1.635
10.940 > 10 > 6.510 valid
Therefore c = 2 is the solution.
We also see that the interval of inequality (13), by substituting the values above into
(2), gives
χ21-β ≤ n ≤ χ2α
2p1

2p0

= χ20.90 ≤ n ≤ χ20.05
2(0.10)

2(0.01)

10.64< n <1.635
0.20
0.02
53.22 ≤ n ≤ 81.75
The plan combination is therefore c=2 and n = 54.
In-Text Answer
A common approach to the design of an acceptance of sampling plan is to require the
OC curve to pass through two designated point. True or False
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In-Text Answer
True
10.4 Operating Characteristic Curve
A random sample size of n units taken from the lot is used to determine the lot
disposition. The probability of accepting the lot (pac) is equal to the probability that
the number of defectives (d) found in the sample is less than the acceptance number
(c) and is dependent on the true fraction defective (p) in the lot. When the results of
calculating pac for a large number of values for p are plotted, it results in the OC
curve for that sampling plan.
Summary for Study Session 10
In study session 10, you have learnt that:
1. The concept of this plan is that one sample of items is selected at random from
a lot and the disposition of the lot is determined from the resulting information.
2. The plan is usually denoted as (n, c) plan for a sample size n, where the lot is
rejected if there are more than c defectives. This is the most common (and
easiest) plan to use although not the most efficient in terms of average number
of samples needed.
3. The operating characteristics are the simple binomial distribution, hyper
geometric distribution, Poisson distribution and the knowledge of chi-square
distribution. These distributions will enable us calculate the producer’s and
consumer’s risks. Furthermore, the OC curve will help us determine the sample
size and the number of defective items feasible in drawing a single sampling
plan.
4. A common approach to the design of an acceptance of sampling plan is to
require the OC curve to pass through two designated point.
Self-Assessment Questions (SAQs) for Study Session 10
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 10.1-10.4
1.

Explain the concept of single sampling plan.
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2.
3.

4.
5.
6.
7.

8.
9.
10.
11.

12.
13.

14.

What are the advantages and the disadvantages of single sampling plan?
A producer of handsets purchases the main device in lots of 1,000. They would
like to have a 1 percent rate of defectives but will normally not refuse a lot unless
it has 4 percent or more defectives. Samples of 50 are drawn from each lot, and
the lot is rejected if more than two defectives are found.
What are p0, p1, n, and c for this problem?
Compute α and β . Use the Poisson approximation for your calculation.
Binatone Conductor produces the 80J84 microprocessor, which the Heathrow
Company plans to use in a heart-lung machine. Because of the sensitivity of the
application, Heathrow has established a value of AQL of 0.001 and LTPD of
0.005. Heathrow purchases the microprocessors in lots of 500 and tests 100 from
each lot. The testing requires destructions of the microprocessor. The lot is
rejected if any defectives are found.
What are the values of p0, p1, n, and c used?
Compute α and β.
In view of your computation in (b), what problem could Heathrow run into?
.Determine a sampling plan for DECCA Records that results in α = 0.05, β =
0.05, AQL = 0.10, and LTPD = 0.30. Discuss the advantages and the
disadvantages of the plan you obtain as compared to the current plan of n = 25
and c = 4. (Refer to the example 3 above).
Describe briefly the method for choosing the single sampling plan by attributes
using the producer’s and the consumer’s risk point method.
If the variance is unknown and given that p0 = 0.01, p1 = 0.08, α = 0.05, and β =
0.10, find the minimum n and the corresponding c for the single specification
limit variable sampling plan.
Design a single sampling plan such that the product lots containing 2%
defectives have as much as 95 in every 100 chance of being sanctioned and lots
containing 8%, defectives have 10 in every 100 chance of being sanctioned.
Determine the sample size and the acceptance number of the plan.
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Study Session11: Rectifying Inspection

Expected duration: 1 week or 2 contact hours
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Introduction
Rectifying inspection is a sampling program in which lots are sentenced, in order to
sort out the bad items from the batch and possible decisions are made on, whether to
accept, reject or sell at a reduced price.
Learning outcomes for study session 11
At the end of this lecture, you should be able to:
11.1 Define the concept of rectifying inspection
11, 2 Explain average outgoing quality of an inspection
11.1 Concepts of Rectifying Inspections
If lots of items are presented for sentencing and the possible decisions are say, accept,
or reject, or sell at a reduced price because the items are defectives, or they are of low
quality, we have acceptance sampling.
Rectifying inspection occurs when one of the possible decisions is to seek the bad
items from a batch (lot) when rejected, or replace the bad ones in the sample by good
ones when accepted. This programme usually requires corrective actions, when lots
are rejected which generally takes the form of 100% inspection or screening of
rejected lots with the aim of removing defectives items for subsequent returns, reworking or replacement.
Such sampling programmes are called rectifying inspection. Suppose that the
incoming lots have fraction defectives p0, some of these lots will be accepted while
some others will be rejected. The rejected lots will be screened and their final fraction
defective will be zero.
However, accepted lots have fraction defective p0. Consequently, the outgoing lots
from inspection activities are a mixture of lots with fraction defective p0. So the
average fraction defective in the scheme of outgoing lots is p1, which is less than p0
(p1< p0). Thus, a rectifying inspection programme serves to correct lots quality.
Rectifying inspection is demonstrated in the diagram below.
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Average outgoing quality (AOQ) is widely used for the evaluation of rectifying
sampling plan, which is the quality in the lots that result from the application of
rectifying inspection. This is the average value of lot quality that would be obtained
over a long sequence of lots from a process with fraction defective p.
Assuming that the lots’ size is N and that all defective items are replaced with good
ones, and then the lots’ size N contains the following:
1. Small sample size n items in the sample, which after inspection contains no
defective because all discovered defectives, are replaced.
2. N-n items which if the lot is rejected contains no defective.
3. N-n items which if the lot is accepted contains p(N-n) defective items. Thus at
the outgoing stage of inspection the expected number of defective units is equal
to Pap (N-n) for a single sampling plan. Then the average outgoing quality is
expressed as:
AOQ = Pap (N-n)
N
Example 1: Given that a batch of lots has its size N=10,000 and a sample size n=89
are taken out of which acceptance defective number c = 2 and the probability of
defective is 1 percent. Evaluate the average outgoing quality (AOQ) of the batch.
At p = 0.01,
c

2

Pa = ∑ e-np(np)x = ∑ e-89(0.01)(89(0.01)x = 0.9397
x=0 xǃ
x=0 xǃ
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and AOQ = Pap(N-n)
N
= 0.9397(0.01)(10,000 – 89)
10,000
= 0.0093.
The AOQ will vary as the fraction defective varies and the curve that plots average
outgoing quality (AOQ) against incoming lots quality is called AOQ curve.
N.B: the highest value of the AOQ is known as the average outgoing quality limit
(AOQL). A plot of the AOQ (Y-axis) versus the incoming lot p (X-axis) will start at 0
for p = 0, and return to 0 for p = 1 (where every lot is 100% inspected and rectified).
In between, it will rise to a maximum. This maximum, which is the worst possible
long term AOQ, is called the AOQL.
Suppose we desire a single sampling plan, which has been given as AOQL = Pℓ. The
specification of this one quantity will not lead to a unique plan. If in addition to that,
the total inspection is minimised for some value of p, such a plan can be found by trial
and error using an appropriate table. If, for a given N, we specify c in addition to
AOQL, then n can be calculated from the formula:
n=

Ny
, all quantities on the right hand side being known.
NPℓ + y

For various values of c, we calculate the average total inspection (ATI) and select the
plan for which ATI reaches an apparent minimum say Is, s indicating single sampling
plan. Before we continue with this aspect of rectifying inspection, let us have the
following as advantages and disadvantages of rectifying inspection.
The following are the advantages of rectifying inspection:
1. It requires fewer personnel compared with 100% inspection.
2. No risk of accepting bad lots and rejection of good ones.
3. When the entire batches are rejected, bad items or defectives are sorted so as to
avoid selling the whole batch at a reduced price or reworked.
4. Rectifying inspection is applicable to both destructive and non-destructive
items.
5. There are opportunities of correcting the bad or defective items in the lots of
batch.
6. It allows for correction of future processing procedures.
7. It encourages production of quality products by the manufacturers.
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Disadvantages of rectifying inspection
The following are disadvantages of rectifying inspection:
1. Rectification inspection is a waste of time and energy.
2. The scheme demands careful handling of the item to prevent any damage.
3. The producer will incur more cost and hence an increase in the cost of
production.
Another very important measure relative to rectifying inspection is the total amount of
inspection required by the sampling program. This is called the average total
inspection (ATI) per lot. It is the total amount of inspection required by the sampling
plan. If the lot contains a number of defective items, no lot will be rejected and the
amount of inspection per lot is the sample size n.
Also, if all the items are defective, every lot will be submitted for 100% inspection
and the amount of inspection will be N. However, if the lot quantity takes value
between 0 and 1 i.e. 0 < p < 1, the average amount of inspection per lot will vary
between n and N. If the lot is of quality p and the probability of acceptance is denoted
by Pa, then the average inspection per lot will be:
ATI = n + (1 – Pa) (N-n)
Example 2: Refer to example 1, where N=10,000, n=89, c=2, and p=0.01.
From the result, Pa = 0.9397(calculation using Poisson)
c

2

Pa = ∑ e-np(np)x = ∑ e-89(0.01)(89(0.01)x = 0.9397
x=0 xǃ
x=0 xǃ
We then have
ATI = n + (1- Pa)(N-n)
= 89 + (1- 0.9397)(10,000 – 89)
= 687.
In-Text Question
Rectifying inspection occurs when one of the possible decisions is to seek the bad
items from a batch (lot) when rejected, or replace the bad ones in the sample by good
ones when accepted. True or False
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In-Text Question
True

11.2 Average Outgoing Quality
The purpose of a sampling plan is to screen out lots of unacceptable quality. However,
because sampling is a statistical process, it is possible that bad lots will be passed and
good lots will be rejected. A fundamental issue related to the effectiveness of any
sampling plan is to determine the quality of product that results after the inspection
process is completed.
The calculation of the average outgoing quality of an inspection process depends on
the assumption that one makes about lots that do not pass inspection and the
assumption that one makes about defective items. Assume that rejected lots are
subjected to 100% inspection.
The average outgoing quality curve can be derived under two conditions:
1. Defective items in samples and in rejected lots are not replaced and
2. Defective items in samples and in rejected lots are replaced.
The average outgoing quality (AOQ) is the long-run ratio of the expected number of
defectives and the expected number of items successfully passing inspection. That is,
AOQ = E[outgoing number of defectives]
E[outgoing number of items]
The OC curve is the probability that a lot is accepted as a function of p. That is,
OC (p) = p[lot is accepted| p]
For convenience, we will refer to this term as Pa.
Case 1: Defective items are not replaced.
Suppose that lots are of size N and samples size n. Then the expected number of
defectives and the expected number of items sent to the market are

Accept lot

number of defectives (N-n)p

0

Number of items (N-np)

N(1-p)
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Reject lot

From the tree diagram above we see that
E[outgoing number of defectives] = Pa(N-n)p + (1-Pa)(0)
= Pa(N-n)p.
And
E[outgoing number of items] = Pa(N-np) + (1-Pa)N(1-p).
It follows that the ratio, AOQ, is given by
AOQ =Pa(N-n)p

Pa(N-n)p

--------------------------------- = -----------------------------------Pa(N-np) + (1-Pa)N(1-p)

N-np-p(1-Pa)N-n)

<<<

When N>n (N is much larger than n), which is a common assumption, this
expression is approximately
AOQ = Pap
Pap
------------------------ = --------------Pa + (1-Pa)(1-p)
1 – p(1 - Pa)
The formulae are somewhat simpler, when defective items are replaced with good
items.
Case 2: Defective items are replaced. In this case, the tree diagram above becomes
Accept lot

number of defectives (N-n)pNumber of items N

0

N

Reject lot

The AOQ is given by
AOQ = Pa(N-n)p
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N
This is approximately
AOQ = Pap = OC(p) p
When N>n.
This last formula is the one most commonly used in practice, primarily because of its
simplicity. An important measure of the effectiveness of a sampling plan is the
average outgoing quality limit (AOQL), which is defined as the maximum value of
the AOQ curve.
If a sampling plans specify N, n and c, then AOQL and corresponding P say Pm could
be determined very accurately from the equation

AOQ = Pap(N-n)= Pap(1 – n)
N

N

Using the Poisson approximation to binomial sum, Dodge and Ruming have
computed x=nPm and also find y = nPℓ
1 – n/N
where Pℓ is the value of the AOQ.
It is also possible to approximate AOQL and Pm by trial using binomial tables which
contains entry for small values of p.
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Dodge and Ruming Table
c

x

Y

0

1.00

0.3679

1

1.62

0.8400

2

2.27

1.371

3

2.95

1.942

4

3.64

2.544

5

4.35

3.168

6

5.07

3.812

7

5.80

4.442

8

6.55

5.146

9

7.30

5.831

10

8.05

6.528

11

8.86

7.233

12

9.59

7.948

13

10.37

8.670

14

11.15

9.398

15

11.93

10.130

16

12.72

10.880

17

13.52

11.62

18

14.31

12.37

19

15.12

13.13

20

15.92

18.89

Then p = x/n and AOQL = y(1/n – 1/N).
Example: If N = 1000, n = 65, c = 2.Find Pm and AOQL.
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Solution
From the above table we need x = 2.27, y = 1.371, then Pm = x/n = 2.27/65 = 0.0349
AOQL = 1.371(1/65 – 1/1000) = 0.0197
Using the appropriate binomial table of p = 0,033
Ppa = (0.033) (0.63686) = 0.021016
Pm = 0.034, Pa = (0.034) (0.61908)
= 0.21048072.
If p = 0.035,
Ppa = (0.035)(0.60139) = 0.02104865
If p = 0.036,
Ppa = (0.036)(0.58313) = 0.021017
Using Ppa = 0.021049 gives
AOQ = 0.0197
It appears that Pm is between 0.034 and 0.035
Example 2: Let N=1000, find a rectifying inspection plan with AOQL=0.02 and such
that ATI is minimized if p=0.01.

Solution
From the table, you will find y.
With c=0,
n = Ny
=(1000)(0.3679)
Npl + y (1000)(0.02) + 0.3679
= 18.1
Is = n + (1-Pa)(N-n)
= 18 + 9802(0.16549)
= 180.51
With c=1,
n = Ny=
Npl + y

(1000)(0.84)

= 40.3 = 40.

(1000)(0.02) + 0.84
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Is = 40 + 960(0.08474) = 98.31.
Thus if p = 0.01 with average, let inspection required with
n = 40, c1 = 1, n=18 and c = 0.
With c = 2,
N = Ny
Npl + y

=(1000)(1.371)

= 64.2 = 64

(1000)(0.02) + 1.371

Is = 64 + 936(0.02651) + 88.87 and again ATI is decreasing by increasing c.
With c = 3,
N = Ny
Npl + y

=(1000)(1.942)

= 88.6 = 89

(1000)(0.02) + 1.942

Since n = 89 is larger than ATI with c = 2, there is no point continuing the calculation.
The desired plan has n = 64, c = 2 and ATI = 88.81 if p = 0.01.

Summary for Study Session 11
In study session 11, you have learnt that:
1. Rectifying inspection occurs when one of the possible decisions is to seek the
bad items from a batch (lot) when rejected, or replace the bad ones in the
sample by good ones when accepted.
2. If lots of items are presented for sentencing and the possible decisions are say,
accept, or reject, or sell at a reduced price because the items are defectives, or
they are of low quality, we have acceptance sampling.
3. The purpose of a sampling plan is to screen out lots of unacceptable quality
4. A fundamental issue related to the effectiveness of any sampling plan is to
determine the quality of product that results after the inspection process is
completed.
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Self-Assessment Questions (SAQs) for Study Session 11
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 11-11.2
1.
2.
3.
4.
5.

Explain what the meaning of rectifying inspection.
What are the concepts of inspection?
Discuss the usefulness of rectifying inspection to the producers and consumers
State the advantages and the disadvantages of rectifying inspection.
Let the lot size N=1000. Find the rectifying inspection with AOQL= 0.02 and such
that ATI is minimized if p = 0.01. Assuming a binomial distribution for single
sampling plan by attributes.
6. Write short note on:
a. Average outgoing quality
b. Average total inspection
c. Average outgoing quality limit

132

Study Session 12: Double Sampling Plans for Attributes

Expected duration: 1 week or 2 contact hours

Introduction
Double sampling involves the possibility of not putting off a decision until the second
sample has been taken. A lot may be accepted at once if the first sample is good
enough or rejected at once if the first sample is bad enough.
If the sample is either good enough or bad enough, the decision is based on evidence
of the first and second sample combined. In this study, you will learn about the
concept of double sampling, operating cha5acteristics of the scheme and the designing
of double planning plan.
Learning outcomes for Study Session 12
At the end of this lecture, you should be able to:
12.1.
12.2.
12.3.

Explain the concept of double sampling;
Explain the operating characteristic of the scheme
Explain the designing of with Specified p0, p1, α, β.

12.1 Double Sampling Plans
Double sampling plans were invented to give a questionable lot another chance. For
example, if in double sampling the results of the first sample are not conclusive with
regard to accepting or rejecting, a second sample is taken.
Application of double sampling requires that a first sample of size n1 is taken at
random from the (large) lot. The number of defectives is then counted and compared
to the first sample’s acceptance number a1 and rejection number r1. Denote the number
of defectives in sample 1 by d1 and in sample 2 by d2, then:
If d1 ≤ a1, the lot is accepted.
If d1 ≥ r1, the lot is rejected.
If a1< d1< r1, a second sample is taken.
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If a second sample of size n2 is taken, the number of defectives, d2, is counted. The
total number of defectives is D2 = d1 + d2. Now this is compared to the acceptance
number a2 and the rejection number r2 of sample 2. In double sampling, r2 = a2 + 1 to
ensure a decision on the sample.
If D2 ≤ a2, the lot is accepted.
If D2 ≥ r2, the lot is rejected.
A double sampling plan is defined by four parameters:
1. n1 = sample size of the first sample.
2. c1 = acceptance number of the first sample.
3. n2 = sample size of the second sample.
4. c2 = acceptance number for both sample.
Illustration: For n1= 50, c1 = 1, n2 = 100, c2 = 3. Thus a random sample size of n1 =
50 is selected from the lot and the number of defective items in the sample d1
observed.If d1≤ c1 = 1. The lot is accepted in the first sample. If d1> c2 = 3. The lot is
rejected in the first sample.
If c1< d1< c2. A second sample of n2 = 100 is drawn from the lot and the number of
defectives in the second sample d2 is observed. Now the combined number of
observed defectives from both the first and the second sample (d1 + d2) is used to
determine the lot sentenced.
If d1 + d2 ≤ c2 the lot is accepted. However, if d1 + d2> c2 = 3, the lot is rejected. The
operation of the double sampling plan is illustrated in a diagram below.
With a double-sampling, two values are specified for the number of defective items, a
lower level, c1, and an upper level, c2, For instance, the lower level might be two
defectives and the upper level might be five defectives. Using those values as decision
rules, the first sample is taken.
If the number of defective items in the first sample is less than or equal to the lower
value (i.e., c1), the lot is judged to be good and sampling is terminated. Conversely, if
the number of defectives exceeds the upper value (i.e., c2), the lot is rejected. If the
number of defectives falls somewhere in between, a second sample is taken and the
number of defectives in both samples is compared to a third value, c3.
For example c3 might be six. If the combined number of defectives does not exceed
that value, the lot is accepted; otherwise, the lot is rejected. A double sampling plan
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specifies the lot size, the size of the initial sample, accept/reject criteria for the initial
sample, the size of the second sample, and a single acceptance number.

The following are the advantages and the disadvantages of double sampling:
Advantages
1. The amount of inspection is less than that of a single sampling plan except for
lots of intermediate quality.
2. There is the psychological advantage of providing a second chance before
rejecting a lot.
3. A double sampling plan may give similar levels of the consumer’s and
producer’s risk, but require less sampling in the long run than a single plan.
Disadvantages
1. It is more expensive than single sampling.
2. If a control chart is plotted, only the first sample should be plotted; otherwise,
the lots from bad processes will be over-represented. This, in other words is a
waste for control chart purposes.
3. A double sampling is obviously more difficult to construct and more difficult to
implement than a single sampling plan.
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In-Text Question
One of the disadvantages of double sampling it that it is more expensive than single
sampling.
In-Text Answer
True
12.2 Operating Characteristics
The probability of accepting a lot is equal to the probability of accepting it on the first
sample plus the probability of accepting on the second sample given that there was no
decision on the first sample. The later probability is the sum of several conditional
probabilities.
i.

For each possible value of the number of defectives obtained from the first
sample that does not involve a decision of acceptance or rejection on the
first sample. Thus
c= -1
Pa = prob {d1≤ c1 } + ∑ d1{prob (d1 + d2 ≤ c2)}.
d1=c1 + 1
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Where d1 is the number of defectives in the first sample, d1 is the number of defectives
in the second sample and c1 and c2 are the acceptance numbers for the first and the
second samples respectively.
Example 1: Let n1 = 50, c1 = 1, n2 = 100, c2 = 3. Assuming a binomial model where
the probability of acceptance (Pa).
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2 50

100

Pa = ∑ (d1)pd1(1-p)50- d1 + ∑ (d1)pd1∑(d2) pd2(1-p)100-d2 +
3

50

3-d1

1oo

∑ (d1) pd1 (1-p)50- d1 ∑(d2) pd2(1-p)100-d2
d1=2d2= 0
= pr (d1 ≤ 1) + pr (d1 =2) pr (d2 ≤ 1) + pr (d1 =3) pr (d2 = 0)
If p = 0.05, then
3

50

5o

1

100

∑ (d1) (0.05)d1 (0.95)50- d1 + (2) (0.05)2(0.95)48 ∑(d2)(0.05)d2(0.95)100-d2
d1=2d2= 0
50

100
+ (3) (0.05)3 (0.95)47(d2) (0.05)0(0.95)100
= 0.279 + 0.009 + 0.001
= 0.289

The Average Sample Number
In a double sampling plan, the size of the sample selected depends upon whether or
not the second sample is necessary. Its average sample size is, therefore, equal to the
size of the first sample times the probability that there is only one sample plus the size
of the combined samples times the probability that the second sample will be
necessary.
Therefore, a general formula for the average sample number for double sampling,
assuming complete inspection of second sample is denoted by ASN, is therefore
written as:
ASN = n1p1 + (n1 + n2) (1-p1)
= n1 + n2(1-p1)
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Where p1 is the probability of making a lot disposition decision on the first sample.
That is
Pi = prob {lot is accepted in the first sample} + pro {lot is rejected in the first
sample}.
If the equation for ASN is evaluated at various lots, fraction defective p1 the plot
of ASN versus p is called ASN curve.
Average Sample Number

Figure

Average Sample Number for Double Sampling

12.3 Designing Double Sampling Plan with Specified p0, p1, α, β.
Let (p0, 1-α) and (p1, β) be the two point of interest on the OC curve. If, in addition,
we impose another relationship on the parameter of the sampling plan, then a very
simple procedure can be used to obtain such plans. The most common constrain is to
require that n2 is a multiple of n1.
The following tables allow constructions of these plans for the cases where α = 0.05
and β = 0.01. The table below is used for the case where
n1 = n2 and the table that follows is for the case where n2= 2n1.
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Table 1. Grub’s Table for n1 = n2, (α = 0.05 and β = 0.01).
Plan
number

p1/p2

C1

C2

Approximate
value p=0.95

Pn1 for
p=0.10

1

11.90

0

1

0.21

2.50

2

7.54

1

2

0.52

3.92

3

6.79

0

2

0.43

2.96

4

5.39

1

3

0.76

4.11

5

4.65

2

4

1.16

5.39

6

4.25

1

4

1.04

4.42

7

3.88

2

5

1.43

5.55

8

3.63

3

6

1.87

6.78

9

3.38

2

6

1.72

5.82

10

3.21

3

7

2.15

6.91

11

3.09

4

8

2.62

8.10

12

2.85

4

9

2.90

8.26

13

2.60

5

11

3.68

9.56

14

2.44

5

12

4.00

9.77

15

2.32

5

13

4.35

10.05

16

2.22

5

14

4.70

10.45

17

2.21

5

16

5.39

11.41
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Table 2
R=p1/p0

c1

c2

P = 0.95

P = 0.01

1

14.50

0

1

0.16

2.23

2

8.07

0

2

0.30

2.42

3

6.48

1

3

0.60

3.89

4

5.39

0

3

0.49

2.64

5

5.09

1

4

0.77

3.92

6

4.31

0

4

0.68

2.93

7

4.69

1

5

0.96

4.02

8

3.60

1

6

1.16

4.17

9

3.26

2

8

1.68

5.47

10

2.96

3

10

2.27

6.72

11

2.77

4

11

2.46

6.82

12

2.62

4

13

3.07

8.05

13

2.46

3

14

3.29

8.00

14

2.21

3

15

3.41

7.55

15

1.97

4

20

4.75

9.35

16

1.74

6

30

7.45

12.96

Plan No.

Example: Let p0 = 0.01, α=0.05, p1= 0.06, β=0.10 and n2= 2n1, then table 2 is used.
The plans in the table are indexed on the ratio:
R = p1/p0 = 0.06/0.01 = 6
The plan that is nearest to that R is plan 3, that is, c1 = 1 and c2 = 3. The value of n is
determined from either of the two-headed Pn1. The two columns are associated
withholding α constant at 0.05(given Pa = 0.95 and holding β constant at 0.100 (given Pa
= 0.10). If α is held constant at 0.05, we obtain pn1 = 0.60.Thus n1 = pn1/p0 = 0.60/0.01 =
60 and thus the desired sampling plan is n1 = 60, c1 =1, n2 = 120, c2 = 3. If we hold β
constant at α = 0.10, we obtain pn1 = 3.89 and n1 = pn1/ p1 = 3.89/0.06 = 65
Thus, the desired sampling plan n1 = 65, c1 = 1, n2 = 130 and c2 = 3.
Either of these plans will pass approximately through the two required points on the
OC curve.
140

Using rectifying inspection for double sampling plan, the AOQ is given as follows:
Let y be the number of defective items remaining in the lot after inspection,
E(Y/X ≤ c1) = (N-n1)p
E(Y/c1< x1 ≤ c2, c1 ≤ x1 + x2 ≤ c2) = (N - n1 – n2)p
E(Y/otherwise) = 0
The conditional expected value of y is
E(Y) = (N-n1) pPa1 + (N - n1 – n2) pPa2 + (1- Pa1 – Pa2)
Where Pa1 is the probability of accepting a lot with the first sample and Pa2 is the
probability of accepting a lot with the second sample.
AOQ = E(Y)/N
= (1 - n1/N) pPa1 + {1- (n1 + n2)/N} pPa2.
This can be written to get a form more convenient to use with the binomial table
(by subtraction and addition of [(n2/N) pPa1] thus
AOQ = n2pPa1 + (1- n1 + n2) p(Pa1 + Pa2)
N
N
For the ATI, let W be the number of items inspected. The distribution of W is
g(w) = Pa1. W = n1
= Pa2 . W =n1 + n2
= 1- Pa1 – Pa2 . W = N
Then
E(w) = ID = n1Pa1 + (n1 + n2)Pa2 + N(1- Pa1 – Pa2).
= n1(Pa1 + Pa2) + (1- Pa1 – Pa2) + n2(Pa2 +1- Pa1 - Pa2) +(N - n1 – n2)
(1- Pa1 – Pa2)
= n1 + n2(1- Pa1) + (N - n1 – n2)(1- Pa1 – Pa2).
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Summary for Study Session 12
In study session 12, you have learnt that:
1. Double sampling plan involves taking a second sample if no decision can be
made regarding the first sampling and combining the information obtained
from both sampling to make a final decision.
2. Double sampling t was invented to give a questionable lot another chance if the
results of the initial sample are inconclusive. For example, if the quality of the
initial sample is high, the lot can be accepted without need for a second sample.
3. If the quality in the initial sample is poor, sampling can also be terminated and
the lot rejected. For results between those two cases, a second sample is then
taken and the items inspected, after which the lot is either accepted or rejected
on the basis of evidence obtained from both samples. But sometimes both tests
might lead to contradictory results; therefore, a multiple sampling plan would
be used instead.
Self-Assessment Questions (SAQs) for Study Session 12
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 12-12.3
1. Determine the probability of acceptance for a double sampling whose
characteristic is as follows: n1 = n2 = 20, c1 = 2, r1 = 3 and c2 = 4 when p is
i. 0.02
ii. 0.05
iii. 0.08
iv. 0.10
Where n1 and n2 are the acceptance numbers and r1 is the rejection
number.
2. Derive an expression for the following for the double sampling by rectifying.
i.

AOQ

ii. ATI
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Study Session 13: Multiple Sampling Plan

Expected duration: 1 week or 2 contact hours

Introduction
Multiple sampling plan is an extension of double sampling plan. It involves inspection
of 1 to successive samples as required to reach an ultimate decision. This study
session will introduce you to the fundamentals of multiple sampling, its procedure and
the measure of its efficiency.
Learning Outcomes for Study Session 13
At the end of this study, you should be able to:
13.1 Discuss the fundamentals of multiple sampling
13. 2 Explain the procedure for multiple sampling
13.3 Explain the efficiency for a multiple sampling scheme
13.1 Fundamentals of Multiple Sampling
The multiple sampling plans is a natural extension of the double sampling plan in that
more than two samples can be required to sentence a lot. The number of stages in a
multiple sampling plan is usually fixed at 7.
It is a number suggested by Mil-Std 105D. Multiple sampling plans are usually
presented in tabular form. A multiple sampling plan will require a smaller sample size
than a double sampling plan but is more complex to implement. A multiple sampling
plan, having many stages can be compactly represented as follows:

Stage

Sample Size

Acceptance Number
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Rejection Number

1

n1

Ac1

Re1

2

n2

Ac2

Re2

3

n3

Ac3

Re3

.

.

.

.

.

.

.

.

nm

Acm

Rem

M

Multiple sampling involves inspection of 1 to m successive samples as required to
reach an ultimate decision.
In-Text Question
The multiple sampling plans is a mild extension of the double sampling plan. True or
False
In-Text Answer
False
13.2

Procedure for Multiple Sampling

The procedure commences with taking a random sample of size n1 from a large lot of
size N and counting the number of defectives, d1.
If d1 ≤ a1 the lot is accepted.
If d1≥ r1 the lot is rejected.
If a1< d1< r1, another sample is taken.
If subsequent samples are required, the first sample procedure is repeated sample
by sample. For each sample, the total number of defectives found at any stage, say
stage i, is
i
Di = ∑dj
j=1

This is compared with the acceptance number a1 and the rejection number r1 for that
stage until a decision is made. Sometimes, acceptance is not allowed at the early
stages of multiple sampling; however, rejection can occur at any stage.

144

13.3. Efficiency measured by the ASN
Efficiency for a multiple sampling scheme is measured by the average sample number
(ASN) required for a given Type 1 and Type II sets of errors. The number of samples
needed when following a multiple sampling scheme may vary from trial to trial, and
the ASN represents the average of what might happen over many trials with a fixed
incoming defect level.
It is usual in multiple sampling not to allow acceptance in the initial stages whenever
small sample sizes are employed. It is difficult to compute the OC, ASN and ATI
values of a multiple sampling plan and therefore publish tables such as MIL-STD-105
are used.
Multiple Sampling Plan has the advantage that the sample size required at each stage
is usually small than those in single and double sampling. Thus, more economic
efficiency is involved in the use of the procedure. But the scheme is much more
complex to administer.
This entire concept is implicitly based on the assumption that each sample is
representative of the entire product lot and also that each lot is highly variable.
Therein lies the limitation of this method as the customer cannot be assured of the
consistency of each batch. This method would only be appropriate for chemical plants,
whereby the products are usually homogenous; therefore, a single sample would
actually be representative of the entire batch.
For the rectifying inspection, the form for the double sampling plans can be easily
extended. Thus:
AOQ

=

[Pa1(N-n)

+

Pa2(N-n1-n2)
N

+……..+

Pam(N-n1-n2….nm)

Similarly, the formula for the average total inspection is
ATI = n1Pa1 + (n1 +n2)Pa2+……+(n1+n2+…nm) +N(1-Pa)
In-Text Question
Multiple Sampling Plan has the advantage that the sample size required at each stage
is usually small than those in single and double sampling. True or False.
In-Text Answer
True
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Summary for Study Session 13
In this study, you have learnt that:
Multiple sampling plan is similar to a double-sampling plan except that more than two
samples may be required to reach a conclusion. This plan would definitely lead to a
more conclusive result as compared to a single or double sampling plan. The
advantage of multiple sampling is that smaller sample sizes are used as compared to
100% sampling, which actually analyses the whole lot rather than just a few samples.
Self-Assessment Questions (SAQs) for Study Session 13
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.

SAQ 13.1 -13.3
1. Distinguish between the multiple and double sampling plans
2. Describe briefly the method of multiple sampling plans
3. What are the advantage and the disadvantage of multiple sampling schemes?
4. Write short notes on:
a. Efficiency of multiple sampling
b. Procedure for multiple sampling plans.
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Study Session 14: Sequential Sampling Plan

Expected duration: 1 week or 2 contact hours

Introduction
Sequential sampling is different from the single, double or multiple sampling plans
earlier examined. Here one takes a sequence of samples from a lot. How many total
samples looked at is a function of the results of the sampling process? In this study,
you will learn about sequential sampling plan and the selection of sequential sampling
plan.
Learning outcomes for Study Session 14
At the end of this study, you should be able to:
14.1
14.2

Explain sequential sampling plan
Explain the selection of sequential sampling plan

14.1 Sequential or Item by Item Sampling Plan
A sequential sampling scheme is one in which items are drawn one at a time or in
groups, and the results at any stage determine whether or not more sampling is
required or necessary. Thus, any sampling procedure for which the number of
observations is a random variable can be regarded as sequential sampling. We have
said that in this scheme, items are sampled one at a time.
After each sampling, two numbers are recorded: the number of items sampled and the
cumulative number of defectives observed. Based on these numbers, one of three
decisions is made:
1. accept the lot;
2. reject the lot; or
3. Continue sampling.
Unlike single and double sampling plans, there will always exist a sequential sampling
plan that will give specific values of p0, p1, α and β. Sequential sampling plans are
defined by three regions: the acceptance region, the rejection region and the sampling
or continue sampling region. Straight lines on the chart separate the three regions.
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The lines have the forms
L1 = -h1 + sn, (acceptance line)
L2 = h2 + sn, (rejection line)
Where n is the number of items sampled. Note that L1 and L2 are both linear functions
of the variable n. The y intercepts are respectively -h1 andh2, and the slope of each line
is s. As the lines have the same slope, they are parallel.
Let us express these mathematically,
Let f(x, θ) be the appropriate probability function (Binomial, Hyper- geometric, and
Poisson) and consider the ratio of probabilities
f(x, θ1) = R(n,x)
f(x, θ0)
Ho: θ = θ0 versus H1 = θ = θ1
Suppose the observations are taken one at a time and at after every observation, we
calculate R(n, x), that is, we compute R(1, x), R(2, x), R(3, x) etc.
If the ratio is small enough say <B, this can be regarded as evidence to support Ho,
since the probability of obtaining x defectives if θ= θ1 is small by comparison to that
computed when θ =θ0. On the other hand, if the ratio is large say ≥A, we incline to
believe that θ= θ1.
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A test will be called a sequential probability ratio test if we:
1. Stop sampling and conclude that θ= θ0 as soon as R(n, x) < B (Acceptance
region).
2. Stop sampling and conclude that θ= θ1as soon as R(n, x) ≥ A (Rejection
region).
3. Continue sampling as long as B ≤ R(n, x) < A (Continue sampling region)
In carrying out the sequential sampling plan, one can evaluate R(n, x) with the
appropriate desk and table calculator. However, for binomial or poison cases, the
various regions can be expressed in another way, which is more convenient for others
to use.
The major problem associated with the test is the determination of A and B so as to
satisfy the given power requirement. A conventional choice is
A = 1-β,
B=β
Α
1-α
Α and β being the power when θ= θ0 and θ= θ1respectively. For binomial sampling
the continue region is given by
B <b(x, np1)< A
b(x, np0)
By taking logarithm, this now becomes
-h1 + sn < x < h2 + sn,
where h1 = log (1/B),
k

h2 = log A
k

k = log p1(1-p0), and s = log(1-p0)/(1-p1)
p0(1-p1)
K
Similarly, the acceptance and rejection region is
x < -h1 + sn and x ≥ h2 + sn respectively.
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The three regions can be represented graphically as below.

In-Text Question
A sequential sampling scheme is one in which items are drawn one at a time or in
groups. True or False
In-Text Answer
True
14.2 Selection of Sequential Sampling Plan
For given AQL, p1, α, LQL (p2) and β, the following formulae are available for
finding the parameters s, h1 and h2 under the conditions of the binomial model.
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Five points for plotting the OC, ASN and AOQ curves are obtained from the
following table:
P

Pa(p)

ASN

AOQ

0

1

0

P1

1-

(1- )p1

P2



p2

1

0

0

s

The AOQ curve can then be drawn using the formula AOQ = pPa(p). For a sequential
plan, thequantity

is the expected amount of sampling for an accepted lot. The expression for ATI is
therefore obtained from:
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Region for Binomial sampling
After each observation, the point (n, x) can be plotted on such a graph with
termination as soon as a point falls outside the continuous sampling region. From the
graph, we can observe that in order to accept, we need n ≥ (h1/s), and in order to
reject, we need n ≥ h2/(1-s); While no decision is possible if n is less than the
minimum of h1/s and h2/(1-s).
Example 1: Suppose we wish to find a sequential sampling plan for number p0 = 0.01,
α = 0.05, p1 = 0.06 and β = 0.10.
Solution
k = log p1 (1-p0) = log (0.06)(0.99) = 0.80066
p0 (1-p1)
(0.01)(0.94)

h1 = log 0.95/0.1 = 1.22

h2 = log 0.90/0.10 = 1.57
0.80066

S = 0.99/0.94 = 0.028
0.80066
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From the computations above, the limit lines are:
X < -1.22 + 0.028n

accept

X ≥ 1.57 + 0.028n

reject

When it lies between these values, we continue sampling. The OC – curve of a
sequential sampling plan can easily be obtained. This can be obtained from five points
whose approximate values are:
Pa = probability of acceptance = 1 if p = 0
Pa = 1-α
Pa =

if p = p0

h2

(h1 + h2)

if p = s

Pa = β

if p = p1

Pa = 0

if p = 1

The ASN-curve (Average Sampling Number) for the binomial sampling can be
sketched from 5 points whose values are approximately as follows:
ASN = h1/s

when p = 0

= [(1 – α)h1 – αh2]
s - p0

p = p0

= h1h2,
s(1-s)

p=s

= [(1 – β)h2 – βh1],

p = p1

(p1 – s)
= h2(1 – s),

p=1

The Average Outgoing Quality for Sequential Sampling
Under rectifying inspection, AOQ is given approximately as:
AOQ = Pap (probability of acceptance x probability)
The average total inspection (ATI) is given by the formula:
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Where N is the lot size
The reasoning follows thus:
E (n) = PaA + (1 – Pa)B, where A = log β , B = log 1 and
C
C
1-α
β
C = plog p1 + (1-p)log (1-p1)
P0

(1-p0)

The amount of sampling n thus behaves like the random variables, that is, takes on
the value A/C when the lot is accepted, and the value B/C when the lot is rejected.
Under the rectifying inspection considered here, a rejected lot is inspected 100%.
Hence, the average total inspection can be written as:
ATI = PaA + (1 – Pa) N
C
Summary for study Session 14
In study session 14, you have learnt that:
1. A sequential sampling plan is the logical conclusion of this process. Items are
sampled one at a time and the cumulative number of defectives is recorded at each
stage of the process.
2. Based on the value of the cumulative number of defectives, there are three possible
decisions at each stage:
1. reject the lot;
2. accept the lot; or
3. Continue sampling.
4. Sequential acceptance sampling minimises the number of items tested when the
early results show that the batch clearly meets, or fails to meet, the required
standards.

155

Self-Assessment Questions (SAQs) for Study Session 14
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 14.1 -14.2
1. A manufacturer of aircraft engines uses a sequential sampling plan to accept or
reject incoming lots of microprocessors used in the engines. Assume an AQL
of 1 percent and an LTPD of 5 percent. Determine a sequential sampling plan,
assuming α = 0.05, β = 0.10. Graph the acceptance and rejection regions.
2. Estimate the average sample number (ASN) curve for the plan derived in (1).
According to your curve, what is the expected number of microprocessors that
must be tested when the true proportion of defectives in the lot is
(a)

0.1 percent?

(b)

1.0 percent?

(c)

10 percent?

3. Consider question 4 of Lecture Ten. Devise a sequential sampling plan for that
results in α = 0.05 and β = 0.20. What are the advantages and the
disadvantages of this plan.
5. Describe briefly the procedures of the sequential sampling plan.
6. Find a sequential sampling plan for number p1 = 0.01, α = 0.05, p2 = 0.10 and β
= 0.10. What are the resulting equations?
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Study Session 15: Sampling inspection by variables

Expected duration: 1 week or 2 contact hours

Introduction
You have learnt about acceptance sampling plans, where you were introduced to
sampling inspection by attributes. This is a continuation and concluding part of these.
You will learn about sampling inspection by variables. In this study, you will also
learn the strategy involved in sampling inspection variable. The concept of normal
distribution with two variables will be discussed.
Learning outcomes for study Session 15
At the end of this study, you should be able to:
15.1
15.2

Discuss the strategy of sampling inspection by variables
Explain normal distribution with two variables

15.1 Strategy of Sampling Inspection by Variables
Variables sampling plan specifies the numbers of items to be sampled and the criteria
for sentencing lot when measurement data are collected on the quality characteristics
of interest. This plan is generally based on the sample average and sample standard
deviation of the quality characteristics.
The presence or absence of a characteristic in the inspected item is measured on a
predetermined scale in a sampling inspection.
Advantages
The primary advantage is that the same OC curve can be obtained in a smaller sample
size than would be required by an attribute sampling plan. However, for variables
sampling plan, separate plan must be employed for each quality characteristic that is
being inspected.
It is also theoretically possible although not very likely that the variable criteria reject
a lot that contains no defective items. In addition, the distribution of the quality
characteristic must be of specified curve.
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Variables sampling plan in general provides additional information in that it does not
only reveal whether or not an item is satisfactory or not, it also tells us how good or
how poor the items are.
Let x denote the value of the measurable quantitative characteristic, then an observed
sample of n items, yields L measurement say x1,x2,……., xn. We want to choose
between the hypotheses,
Ho: p = p0 versus H1: p = p1>p0
for the lower specification limit.
However, a lower specification limit, a number L1 is determined in advance
(possibly by Engineer). If for a particular item x< L1, the item is regarded as being
defective, while if x ≥ L2, the item is regarded as being non-defective. The fraction of
items, which are defective, is
P = problem [x < ℓ1]
A probability which depends on both the distribution forms an unknown
parameter. The x is a continuous random variable with distribution f(x, p). The
relationship between P and L1 may be represented as in the figure below:
Prob of Defective here is
P = P γ (x < L1)

f(x1p)

P
x
L1
Lower specifications limit L1 and probability of defective p.
Alternatively, a number L2 called an upper specification limit, could be given so
that an item is defective if x>ℓ2 as illustrated in the figure below.

f(x1p)
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P
L2
Upper specifications limit ℓ2 and probability of defective p.
The probability of defective is now
P = pr (x>ℓ2)
Sometimes two specification limits may be indicated L1 and L2 with an item
regarded as being defective x<ℓ1 and x>ℓ2
The probability of defective is now
P = pr(x<ℓ1) + pr(x>ℓ2)
The relationship between p,ℓ1, and ℓ2 is illustrated in the figure below

f(x1p)
P = P1 + P11

P1

P11

L1

L2

Two specifications ℓ1 and ℓ2and probability of defective p.
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Derivation of a Variable Plan with Normal Distribution Assumed and Standard
Deviation Known (Single Specification Limit)
It is assumed that x, the value of measurable quality characteristics has a normal
distribution with known standard deviation and unknown mean. The basic problem in
deciding the plan is to find the sample size (n) and their acceptance criteria k. Suppose
that a specification limit L1 is given, then the fraction of items which are defectives is
given as
P = pr(x<ℓ1)
= pr{x-µ<ℓ1 – µ}
σ
σ
= pr{Z <ℓ1 - µ)
σ
Where Z has a standard normal distribution. Let Zp be defined as follows
Pr(Z < Zp) = P and then L1–µ = Zp
σ
It is apparent that small values of x (the observed sample mean) indicate that the mean
is small, and the fraction defective is large. Hence, the rejection region consists of
small x̅ for convenience instead of x, we write
x-µ
σ
and reject if
x-ℓ1< k (or x- kσ <ℓ1 )
σ
where k and n are to be determined so that the power conditions are satisfied, that is,
Power = pr[x - ℓ1< k] = pr[{√n(x - µ) + √n(x-ℓ1)< k√n}]
σ
σ
σ
since √n(x-µ) and is known to have a standard normal distribution. We can write
σ
Power = pr[Z< √n(k + Zp)
To meet the specified power requirement, we require
pr[Z< √n(k + Zp) ≤ α and
pr[Z< √n(k + Zp) ≥ 1 – β
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Enforcing quality, we have
√n(k + Zp0) = Zα and
√n(k + Zp1) = Z1-β = -Zβ
Solving for k and n gives (solving the two equations simultaneously)
K = Zα - Zpo
√n

and n

≥ [Zα + Zβ]2
[Zp1 - Zpo]

Hence, the required condition for the minimum sample size with means is the integer
satisfying the above inequality. Then the power becomes
Power = pr(Z< Zα + √n(Zp1 - Zpo)
With a single upper specification limit
P = pr(x ≥ L2) = pr(Z >L2 – µ).
σ
The rejection region corresponding to it is L2 - x> k (or x + kσ > L2).
σ
It can be easily shown that the power again is as in the lower specification.
Example 2: Suppose we have p0 = 0.05, α = 0.05, p1 = 0.20 and β = 0.10, ℓ1 = 200 and
σ = 10. Find the sampling plan with minimum sample size n. Find the power if p =
0.10, 0.15. If a random sample of minimum size yields x = 218.12. What is the
appropriate conclusion?
Solution
We require sample size n
n = [Z0.05 + Z0.10]2 = (2.927/0.803)2 = 13.3 approximately 14.
[Z0.20 + Z0.05]
14 is chosen because n≥ the value and it is discrete hence 13.3 is approximately 14.
Hence we take n = 14 observations. The value of k is
K = Z0.05 – Z0.05 = 1.205
√14
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And the rejection region is
Power = pr[Z < Z0.05 + √14(Zp – Z0.05)]
= pr[Z < -1.645 + √14(Zp – 1.645)]
When p = 0.10
Power = pr[Z < -1.645 + √14(-1.282 + 1.645)]
= pr[Z < -0.287] = 0.387
OC= 1 – 0.387 = 0.613
When p = 0.10
Power = pr[Z < -1.645 + √14( -1.037 + 1.645)]
= pr[Z < 0.630] = 0.736
OC = 1 – 0.736 = 0.264
x = 218.12
x - kσ < L1
218.12 + 1.2052 x 10 < 200
230.17 > 200
Therefore, we accep
In-Text Question
The primary advantage of variable sample plan is that the same OC curve can be
obtained in a smaller sample size than would be required by an attribute sampling
plan. True or False
In-Text Answer
True
15.2 Derivation of a Variables Sampling Plan with Normal Distribution Assumes
an unknown Standard Deviation (Single Specification)
Since σ is unknown the statement to be used is x - L1< k or x - ks < L1 when
s
2
2
s = 1/n∑(x1 – x) .
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Again, we wish to determine k and n so that the power conditions are satisfied. The
power is
Power = pr (x - µ< k) where
s
T = √n(x - µ) + √n(µ – L1)
σ

σ

------------------------------------s/σ
The statistic T has a non-central t-distribution with n-1 degree of freedom and a noncentrality parameter
√n(µ – L1) = -Zp√n
σ
The usual power requirements can be written as
Pr (T < k√n) = αif p = p0
Pr (T > k√n) 1-β

if p = p1

In the case of upper specification limit, the rejection region is
L2 - x< k (or x + ks > L2)
s
The same n and k are appropriate with either a lower or upper specification limit.
Owen has prepared an excellent table specifically designed for this problem.
Three values of k are given to three-dimensional places such that pr(T < k√n) = γ for
various of n1γ and p where p = 1-p.
Example 2: If p0 = 0.01, α = 0.05, p1 = 0.10 and β = 0.10. Find the minimum (n) and
their accompany k for a variables sampling plan based upon a random variable with σ
unknown one specification limit.
Solution
Using Owens table, we find a page headed σ = 0.05=α and γ= 0.90= 1-β. Since
p0 = 0.01, p1 = 0.10. We use the column headed p = 0.99 and the column headed
p=0.90. We observe that the k’s are about equal if n = 20 and n = 21.
With n = 20, pr (T<1.749√20) = 0.05 with p = 0.99.
Pr(T<1.765√20) = 0.90 with p = 0.90 so that pr ( T< 1.749√20) < 0.90 with p = 0.90.
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With n = 21, pr (T<1.765√21) = 0.05 with p = 0.99 and pr (T<1.750√21) = 0.90 with p
= 0.90 and pr (T<1.761√21) > 0.90 with p = 0.90.
Hence, the plan meeting the given requirement has n = 21, k < 1.761
The rejection region is
x̅ - 1.7615 < L1 if a lower specification limit is given. By comparison
with σ – known
n = [-1.645 – 1.282]2
[-1.282 + 2.326]
= 7.86 approximate 8
Alternatively, k and n can be approximately derived to be k = ZαZp + ZpZp0
Zα + Zβ
And n ≥ (1 + k2) ( Zα + Zβ)2
2

(Zp1 + Zp0)

for the one specification limit.
Normal Distribution with Two Specifications
When there is an upper and lower specification limit, the procedure for finding the
minimum of n and k, which meet the power conditions, is more complicated. If σ is
known, k and n can be found using a standard normal table and the trial and error
method. Let p′ and p″ be as earlier defined. The proportion defective
p = pr(Z <L1 – µ) + pr ( Z >L2 – µ)
σ
σ
= pr (Z < Zp′) + pr (Z > Zp′ + L2 – L1)
σ
<

= pr (Z < Zp′) + pr (Z > Zp′ - p″)
= p′ + p″
It is obvious that small p will be small if µ is half way between L1 and L2, that is,
µ = L1 + L2
2
The minimum value of p corresponding to µ = µ is
p̅ = 2pr (Z <L1 – L2)
2σ
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The test to be carried out is equivalent to
H0: µ′0 ≤ µ ≤ µ″0 against H0: µ <µ, µ > µ″0.
H0 is rejected if x is too small or too large.
A sensible choice of the critical region of the two specification limits is
x - kσ < L1 or x +kσ >L2
where n and k must be chosen to satisfy the usual power conditions for
convenience, we can use the acceptance region, which can be written as
L1 + kσ < x < L2 – kσ
Using the operating characteristic
OC = pr (L1 + kσ < x < L2 – kσ)
= pr (√n(L1 – µ) + k√n < x - µ<√n(L2 – µ) - k√n)
σ
σ/√n
σ
= pr {√n(Zp′ + k) < Z < √n(Zp′ + L1 – L2) – k)}
σ
where Z has a standard normal distribution. To meet the usual condition, we require
pr {√n(Zp′0 + k) < Z < √n(Zp′ + L2– L1 - k} = 1 - α
σ
pr { √n(Zp′1 + k) < Z < √n(Zp′1 + L2– L1– k} = β.
σ
As done before, the minimum n and the attendant k, which satisfy the condition
can be found by trial.
Summary for study session 15
In this study, you have learnt
1.

Variable sampling inspection is generally based on sampling average and
sample standard deviation of the quality characteristics of products. This plan
specifies the numbers of items to be sampled and the criteria for sentencing lot
when measurement data are collected on the quality characteristics of interest.

2.

Variables sampling plan in general provides additional information in that it
does not only reveals only whether or not an item is satisfactory or not, but it
also tells us how good or how poor the items happen to be

Self-Assessment Questions (SAQs) for Study Session 15
Now that you have completed this study session, you can assess how well you have
achieved its Learning outcomes by answering the following questions. You can check
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your answers with the Notes on the Self-Assessment questions at the end of this
Module.
SAQ 15.1 -15.2
1. State the basis of variables sampling plan
2. What are the advantages of this plan?
3. If p0 = 0.01, α = 0.05, p1 = 0.10 and β = 0.05. Find the minimum (n) and their
attendant k for a variable sampling plan based on a random variable with σ
unknown one specification limit.
4. Suppose we have p0 = 0.05, α = 0.05, p1 = 0.20 and β = 0.10, ℓ1 = 200 and σ =
10. Find the sampling plan with minimum sample size n. Find the power if p =
0.10, 0.15. If a random sample of minimum size yields x̅ = 210.72. What is the]
5. appropriate conclusion?
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